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Partial FFT Direct Parallel Algorithms for

Subsurface Scattering Problems

Dissertation Abstract - - Idaho State University (2022)

The present research introduces a direct parallel partial fast Fourier transform (FFT) algo-
rithm for the numerical solutions of the two- and three-dimensional Helmholtz equations.
The governing equations are discretized by high-order compact finite difference methods. The
resulting discretized system is indefinite, making the convergence of most iterative methods
deteriorate as frequency increases. For indefinite systems parallel direct approaches are a
better alternative, especially for systems with discontinuous and singular right-hand sides.
The research focuses on the efficient parallel implementation of the proposed algorithm in
both shared (OpenMP) and distributed (MPI) memory environments. The complexity and
speed-up of the direct parallel methods are investigated on scattering problems with realistic

ranges of parameters in air, soil and mine-like targets.

Key Words: Parallel algorithm, direct solver, FFT, subsurface scattering, mine-like inclu-

sions, OpenMP, MPI, high-order, Sommerfeld-like boundary conditions.
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1 Introduction

Increasing the resolution of existing numerical solvers is the focus of research in many areas
of science and engineering. The need for improved accuracy, or resolution, increases the
time and memory requirements of existing sequential methods rendering them unacceptable
in many applications. Performance enhancement of a single processing unit has plateaued
in recent decades. Implementation of multiple-core processors began in 2005 [1]. Today the
trend of computing performance improvement primarily through the addition of processing
units continues. Therefore, the development of parallel algorithms is necessary for high-
resolution simulation of many natural phenomena and engineering applications.

The purpose of the research study is to present a novel direct parallel partial FFT solver.
This is accomplished by introducing a direct FFT solver followed by a novel generalized
eigenvalue solver. Slightly modified versions of these solvers combined produce the partial
FFT solver. The basic premise of each solver is the same: transform the right-hand side
(RHS), solve the system and transform the solution back to the solution space.

The discretized schemes for the two- and three-dimensional Helmholtz equations are the
target systems for the solvers. The equations and boundary conditions are discretized using
second-, fourth- and sixth-order compact finite difference schemes. Nabavi presented the
two-dimensional case scheme with constant-coefficient [2], which Sutmann extended to the
three-dimensional case [3]. The fourth-order approximation is an extension of the work done
by Lele [4]. Turkel presented a sixth-order scheme with variable-coefficient in [5] and Gryazin
provided this scheme with Sommerfeld-like boundary conditions in [6]. The work focuses on

demonstrating the efficient parallel implementations of these direct numerical methods in



shared and distributed memory environments.
The target problems considered in the research are the two- and three-dimensional Helm-
holtz equations on rectangular domains with Dirichlet or Sommerfeld-like boundary condi-

tions. That is
Au(x) + K (x)u(x) = f(x) in Q (1.1)
Fu(x) = g(x) for x € 00 (1.2)

where I' is the differential operator corresponding to either Dirichlet or Sommerfeld-like

conditions [7]. The three-dimensional domain is defined as
QZ{X:(JI,y,Z)ERslszxqu,yzﬁySyu, zlSZSZU}

where z; < z,, yi < y, and z; < z,. The two-dimensional domain is defined by simply
omitting the z direction from €2. The function £ is complex valued. The stability, existence
and uniqueness analysis of the problem can be found in [8, 9].

In the case of Sommerfeld-like conditions, I' from (1.2) is an approximation for Sommer-

feld radiation conditions given by

lim 7(4-1/2 <8 (x) — ik(x)u(x)) =0 (1.3)

u
r—oo or

where r = ||x|| with d = 2 or d = 3 for two- and three-dimensions respectively [7]. Truncat-
ing the unbounded domain to a finite domain at the boundary under consideration provides

the approximation [10]. That is

Vu(x) - n —ik(x)u(x) =0



for x € 002 where n is the outward normal vector of the boundary. This approximation
presents a case of absorbing boundary conditions (ABCs) that reduce reflections caused by
the boundary, which are considered first-order ABCs [10]. Higher-order ABCs are viable,
but are not considered here as they do not have a dramatic influence on the accuracy of the
solvers under consideration [11].

The immediate application of the problem given by (1.1,1.2) with k varying in all spatial
directions is the forward solution of high-frequency electromagnetic wave propagation, a vital
piece in imaging subsurface mine-like targets. Mine-like objects are modeled by k(x) as small
inclusions within a medium containing both air and soil. The inclusions are defined by the
electrical conductivity and permittivity that differ from the surrounding soil [12]. Solving
the forward scattering problem presents a challenge because of the high-frequency required
[13], forcing the use of finer computational grids and thus necessitating a highly parallel
solver. The numerical results generated here examine applications with realistic ranges of
parameters in air, soil and mine-like targets [13]. High-resolution is key in imaging subsurface
mine-like targets and is enabled by two contributing factors. These factors include a) the
application of fourth- and sixth-order schemes and b) the utilization of finer computational
grids through increased computational power via parallel computing.

Robey and Zamora define parallel computing as “the practice of identifying and expos-
ing parallelism in algorithms, expressing this in our software, and understanding the costs,
benefits, and limitations of the chosen implementation [1].” One such benefit of running
computations in parallel is decreased computation time. Wall-time and central processing
unit (CPU) time are two common measures for computation time. CPU-time measures the

length of time the CPU was used, but it does not capture the speed-up advantages of com-



putations run in parallel. For computations in parallel, CPU-time reflects the sum of time
per processing unit. Thus, CPU-time does not decrease because computations in parallel
utilize multiple processing units simultaneously. Wall-time, utilized here, can capture the
parallel computing speed-up advantages because it measures the length of time to complete
a task.

The goal of implementing parallel algorithms is to observe a reduction in computation
time with the addition of processing units, or processes. A process is “an independent unit
of computation that has ownership of a portion of memory and control over resources in user
space [1].” Ideally, a doubling of the number of processes would reduce the wall-time by half,
or linear speed-up. Perfect linear speed-up in computation time is typically not observed in
practice as the increase in number of processors also increases the overhead and the number
of communications between these processes. Thus, there is a limit to the speed-up as the
latency, delay due to communication, can outweigh the benefit of reducing the number of
computations done by a process.

To achieve reduction in wall-time the computations must be divided as evenly as possible
among the available processes. Consider a for-loop with n iterations and let p be the number
of processes. Assume n > p as in practice n will be very large and p is limited by the
hardware. If p divides n, the number of iterations performed by each process is simply p/k.
On the other hand, if n mod p = r # 0 then one of the remaining iterations is given to r
process, preventing one process from doing significantly more work than the others.

The simultaneous operations required to reduce wall-time are enabled by hardware such
as multi-core processors and graphics processing units (GPUs), now standard in personal
computers. Both contain multiple processing units with the ability to performer opera-
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tions independently. However, personal computers are often unable to run full-scale high-
resolution simulations for scientific application due to lack of memory and processing power.
A computer cluster is a collection of computers wired together giving access to significantly
more CPUs, GPUs and memory. An individual computer within a cluster is called a node
and possesses several processors, often 32, and one or more GPUs.

Two parallel technologies utilized, OpenMP and MPI, are tools that provide the pro-
grammer access to multiple processing units. OpenMP and MPI are utilized separately and
together in a hybrid implementation. The first parallel tool, OpenMP, is an application
programming interface (API) for shared memory architectures. Utilizing OpenMP delivers a
relatively simple implementation and excellent reduction in wall-time, but is also restricted.
The requirement of shared memory limits a program using strictly OpenMP to a single com-
puter or node, limiting the number of processes that can be utilized and, more importantly,
the availability of random access memory (RAM). Some tests require vast amounts of RAM
that cannot be provided on a single node. OpenMP now has the ability to access the power
of GPUs, but is only considered here for use on CPUs. The provided FF'T solver was tested
on GPUs via CUDA, a parallel tool for NVIDIA GPUs. The resulting implementations saw
a reduction in wall-time, but the performance was underwhelming compared to the Message
Passing Interface (MPI) implementation due to the bottleneck created by the data transfer
to and from the GPU’s memory.

The ability to run large-scale computational grids requires the RAM from multiple nodes,
which calls for the use of MPI, today’s standard for communication between processes in
a distributed memory environment [14]. MPI implementations only allocate the minimum

required memory on each process’s available memory by dividing the computational domain



as evenly as possible among the processes. In turn, this distribution allows for much larger
computational grids as the program is no longer limited by the memory of a single node.
Each process independently runs its own copy of the program on its assigned portion of the
computational domain. The process passes messages, or transfers data, when necessary.

If k is constant or assumed to only vary in the vertical direction then the resulting stencil
pattern formed by the discretization leads to a system that can be solved directly with an
FFT solver. This restricting pattern is found when working with strictly Dirichlet conditions
or Sommerfeld-like conditions on only the top and bottom boundaries with respect to the
vertical direction and Dirichlet on the others. In this case, the FFT solver utilizes the
discrete sine transform (DST) to transform the right-hand side, then LU decomposition is
used to solve the system and then DST is used to transform the solution. The discrete
Fourier transform (DFT) is used to compute the necessary DSTs. Massachusetts Institute
of Technology (MIT) supports a widely used library, Fastest Fourier Transform in the West
(FFTW), that is implemented for the DFT calculations via FFT [15]. Let N,, N, and N,
be the number of grid points in the x, y and z directions respectively. Then, in the three-
dimensional case, the direct FFT solver requires O (N, - N, - N,log(N)) operations where
N = max{N,, N,}. The major advantage of this approach is the natural parallelization in
the transformations via DST.

The pattern in the stencil is lost when utilizing k£ that varies in all spatial directions or
including Sommerfeld-like conditions on all boundaries. Hence, a more versatile approach
is required for the target application problems where k£ contains an inclusion. The novel
generalized eigenvalue and partial FFT solvers can overcome the loss of stencil pattern and

effectively approximate the solution to (1.1) with mine-like inclusions in & and Sommerfeld-
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like conditions on all boundaries. The partial FFT solver is a combination of the FFT solver
and generalized eigenvalue solver that takes advantage of the highly parallel nature of the
FFT solver and reduces the number of operations required by the generalized eigenvalue
solver to only O (N, - N, - N, log(N)) [16]. A related solver has been developed for the case
of constant wave number, k, by Toivanen and Wolfmayr [10]. The lack of variable coefficient
k makes this method insufficient for some of the applications under consideration.

If k is assumed to contain an inclusion or the equation (1.1) is coupled with Sommer-
feld-like conditions on all boundaries, the resulting discretized system is neither positive
definite nor Hermitian [17]. This system causes the convergence of most iterative methods
to deteriorate as frequency increases [5, 18, 19]. Turkel approached a similar problem with an
iterative method and was limited to a computational grid of only 4032 and 4023 in the two-
and three-dimensional cases respectively [5]. In two-dimensions, this is immediately evident.
With a grid of only 1122 the iterations approached 3000 to reach the desired residual [5]. In
this situation, the parallel direct approach is a better alternative.

The developed algorithms present a stable alternative to highly-efficient Krylov-type
methods developed for subsurface scattering problems in the author’s previous publication
[12] and in [13]. However, if k is assumed to vary only in one spatial direction these direct
solvers can be utilized as efficient preconditioners in some general non-constant coefficient
problems as shown in [20, 20, 21]. Such an iterative solver in the second-order case for
both two- and three-dimensions is provided by Gryazin in [6, 20]. A second-order trilinear
finite element approximation for the case of constant k£ in three-dimensions was given by
Elman in [21]. The MPI extension for Fortran90 was used to parallelize this implementation

and demonstrated “a large amount of parallelism” [21]. This direct solver was utilized as a
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preconditioner for the case with Sommerfeld-like boundary conditions with an average speed-
up ranging from 1.77 to 1.90 times when doubling the number of processes. The quality of
FFT preconditioners in scattering problems is presented in [22].

Although the focus is the solution of the Helmholtz equation, the numerical methods
given here have a variety of applications. The FFT solver is developed to be a generalized
solver for a wider class of linear systems. Systems obtained from approximations on three-
dimensional 27-point stencils with similar constraints on the stencil coefficients form this
class. As an example of the solver’s versatility, the direct parallel implementation of a
compact fourth-order scheme for a convection-diffusion equation is considered. Convection-
diffusion with dominant vertical convection can be considered a first step in the development
of a high-resolution parallel compact simulator for atmospheric flow [23]. General statements
provided throughout refer to the Helmholtz problem unless explicitly stated that it refers to
the convection-diffusion problem.

Numerical experiments with test problems demonstrate the high-efficiency of the parallel
solvers’ implementations. The second-, fourth- and sixth-order compact schemes are tested
for convergence accuracy in the case of constant coefficient k£ with analytic solutions. In the
case of variable k, the resulting residuals are presented to ensure solution accuracy. Parallel
performance of these solvers is investigated using decreases in wall-time to measure speed-up.
The performance of the FFT solver is compared to the results given by Turkel in [5] and the
partial FF'T solver is compared to the solver provided by Toivanen in [10].

Chapters 2 and 3 give the second-, fourth- and sixth-order finite difference approximations
of the Helmholtz equations in two- and three-dimensions respectively. Chapter 3 considers

the fourth-order discretization for the convection-diffusion equation. Chapter 4 states the



Dirichlet and Sommerfeld-like boundary conditions along with a simple two-dimensional
example on their implementations. The FF'T solver’s derivation and parallel implementation
is given in Chapter 5. Novel generalized eigenvalue and partial FFT solvers are provided in
Chapters 6 and 7 respectively. Chapter 8 presents numerical results that show the efficiency

of the solver’s parallel implementations.



2 Two-Dimensional Discretization

Chapter 2 develops second-, fourth- and sixth-order compact finite difference schemes for the
approximate solution of the two-dimensional Helmholtz equation on rectangular domains. To
approximate the solution of (1.1) with boundary conditions (1.2) consider the computational

grid
Qh:{(l‘layj) €R2 | l’i:l'l—f—l.hx, yj:yl+jhy7i:]-7"'7Na:7j:17"'aNy}7

where h, = (z, —2;) / (N, + 1) and hy, = (y, — y1) / (N, + 1) are the step sizes in the z and
y directions respectively for Dirichlet boundary conditions. If Sommerfeld-like boundary
conditions are considered, the step sizes are defined as h, = (v, — ;) / (N, — 1) and h, =
(Yu —y1) / (N, — 1). In these cases the step sizes are defined differently, however the same
discretization applies. The following notation will be used for the first and second central

differences at the (i, j)-th grid point

Yirly — Wizly 2, Mizlj T 2 + Uit
’L?] -

Oatliy = = gp = h2

where u; ; = u(x;,y;) and w1, = u(z; £ hy, y;) [24].

2.1 Second-Order Accuracy

Taylor series expansion of u at each point (z;,y;) gives

0 hZ 9? hE 93 h: o* h2 0P hS b

uiﬂ,j:ui,jih o U,L’j—i— 9 Or a2 z,]:l:?)' O 3U17J+4| o 4Uz’]:|:5' O 5uZ’J+6' G Ujj - - -
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fori=1,...,N,and j =1,..., N, [24]. The addition of w;_; ; and ;1 ; will cancel the odd

terms, that is

82
Ui—1,5 + Uit1,5 = 2uz + h?za 2“%] +0 (h’4>
2
Hence preL = 62u;; + O (h2). The same expansion can be done with respect to y. From

these expansions, the following second-order scheme for the approximation of (1.1) is ob-

tained,
fi,j = AUZ’J + k?’jui?j
f@j = (ﬁum + 5§ui7j + k’ijui,j + O (max {hi, hf/})

1 1 2 2
fug = ggtea T gt (’“2‘24‘ TR )
Yy z T Y

1

T i T h2 3t + O (maX {hi’ h§}>

fori=1,...,N, and j = 1,..., N,. This equation provides the following coefficients for a

9-point stencil

9 2 2 1 1
Uy, - k’i,j - ﬁ - ﬁ’ Uit1,5 + ﬁ’ Usj, 541 - ﬁ’ Ui+1,54+1 - 0.
T Yy x )

2.2 Fourth-Order Accuracy

Here, the fourth-order term in the addition of w;_; ; and w;44 ; is included, that is

2 4 4
Ui—1,5 + Uit1,5 = 2U7;,] + hia 2“1,] + — 12 or 4U17] + O (h6)
o2 B2 o
Souis = gt + 35 ggites + O ()



2 2
(98 5 Wi+ & o 0; i

1207 g2 i +0 <h4>

82 ; = ( hi(s?) o i+ O (h})

62

B2t =

or2

h2 -

a;lézum —|— O (hi) .

where o, = (1 + h262/12). The same expansion can be done with respect to y. The operators

a, and o, are shown to commute by Lemma 2.1.

Lemma 2.1. The operators <1 +

h? h?
1;55) and (1 + 1;55) commute.

Proof. Let u be a function of x and y. First note that the operators ¢ and (55 commute

since

T

u. . —
2¢2 _ 52 t,j—1
5r5yui7j =9 (

1
= 73 (im15-1 =

y x

2wy —

1
=2 ([ti1,-1 —

Y

—2 [’LLiJ'_l —

2u;j + Uw’+1>
2
hy

25 51 + Uip1j—1
2uij + Ui g) + [Uic1 a1 — 2 g1 + Ui i)
201, + i1 j11]

245 + Wi ] + [Wir15-1 — 2Uipj + Ui 1))

u,_ ¢ —
2 =17
_ 5 (

2ui7j +ui+17j> — 528%u:
2 — YyTxnge
hx

12



Thus

h9262 h22 h22 hi? h:2z:h222
(1 + 125$> (1 + T;(Sy Us 5 = Ug 4 + ngyui,j + Ecﬁcum + Eééméyui’j

he vs2 MRS oo
= Ui,j —+ E(Smu@j -+ E(Syui,j -+ Eﬁéyfixum

h2 h2
— Yy 52 w2 .
= (1 + 125y> (1 + 1259[:) U n

The following is obtained by multiplying a,c, to both sides of the equation:
Aui,j + kf’jum = fi,j
—152 —152 2 _ 4 14
a, 5$Ui,j + O[y 5yum + k‘i’jui,j = fi,j + O (max {h:m hy})

vy 02, + ag;é;ui,j + ozxayka-ui,j =azoyfij +0O (max {hi, h:}) . (2.2)

The following fourth-order scheme for the approximation of (1.1) is obtained by multiplying
out (2.2) and dropping all terms with h2h>. This simplification is justified because the
fourth-order approximation scheme is considered and higher-order terms are not needed.

Then

2 2

h2 + h2) he o, R
2 2 ( x Y 2¢2 T 2 2 2
((53j + 5y + 126m5y> uz‘,j + (]_ + E(;x + ]§5y> ki,juiJ

hz 2 hz 2 4 14
- <1+5 - 125y> fij+ O (max {n}, hy})

12°* vy

fori=1,...,N, and j = 1,...,N,. This equation provides the following coefficients for a

13



9-point stencil

5 5 2k2 R
YT Rp2 T3z Ty 0 MEYEL o T g
L A ke " .L_Lﬁz]‘ﬂ
FLehz 6h2 12 0 YNGRz 6h2 12

2.3 Sixth-Order Accuracy

The following subsection gives the sixth-order approximation finite difference scheme, similar
to that presented in [5]. Specific notation needed in the calculations followed by necessary
lemmas with their proofs are given, concluding with the development of the approximation.
For this scheme a uniform grid step in both spatial directions is assumed, that is h = h, = h,,.

Define the following notation

thi,j = (595 s 51,/) Uy 5 Vl/QUZJ’ == (51‘52 s 53;53/) U5 , Ahum = (5% + 55) Uy 5,

Lu= Au+ k*u, and Lyu;j = Apu; + k:zjui,j

where u is a function of z and y. Note the sum of w;4q; and w;_;; from (2.1) gives the

following

0? h* o h® 9%

Ui—1,5 + Uiy1,j = 2ui7j + h2a 2U2] + — 12 Oz aa Uy, 5 + — 360 Oz GUZJ +0 (hs)
62 h2 84 h4 86
2 _ 6
sy = gtes + T3 1% T 355505 %0 + O (7). (2:3)
Lemma 2.2.
0 h?

%ui,j = (5331,67;’]' + g <5I5§uz,j + 533 <k2u)i,j — aamfi’j> + O (h4>

14



Proof. Differentiating (1.1) with respect to x gives

2 o )
<W+N>u+ku f

. u+ o u—l—g(k%) zgf

ox3 0x0y? ox ox
P 9 o, 9
32! " Teapt~ an (Ku) = 5t

The difference of ;41 ; and w;_; ; from (2.1) gives

0 h? 93
drui,j = a—uw 6 o 3’1111_7 + @ (h4)
h? &3

o Ui ; = 5xui,j o 3 Ui + @) (h4)

0

0 6 03

L S (R 3@2) +0 (1)
(‘3qu’]_ i 6 \oz'" 0Ox0y2 ™ Ox i

(gxui,j A Z <<§xfi’j — dayui; = 0. (k2“>w> o (h4)

since (51(5§u2-7j and &, (k*u) i are second-order approximations. [ |

0
The fourth-order approximation for a—u” is found similarly since the calculations in Lemma
Y

2.2 are not dependent on the spatial direction.

Lemma 2.3.

(5252 B 84 h2 86 86 0 h4
20ytlig = aTay?“” * 12 \ Oztdy? * Ox?0y* i ( )

Proof. The truncation of (2.3) to fourth-order gives

51.712'7]‘ = S 5U; + — 128 1

——u; + O <h4) (2.4)

15



It follows

5252

ya}lj

—52<82 u”+h2 o u”> +O(h4)

Ox? 12 0z

82 82 h2 84 h2 34 32 2 84
—<U+U>+< Ui+ — u”>—|—0(h4)

-
= o202 T 2 artar" T 1202204 T 144 920y

- 0x20y?

Lemma 2.4.

ox2 " 12021 12 0y* \ Ox? 12 0x4

o' h? 9P h? htooo®
i+ O (hY)

9t h? 0° 9° 4
ui’j+12<al’4ay2+ax2ay4> U%]‘i‘O(h) [ |

o ot 9 2 2 2
(e ) ), = 2 (3 0), - 800, + 0 1)

Proof. Note that

by (2.4). Hence

(

84
oxt

84
84

2 (k) = () 2 (k) w0 (i)

12 0
it ) (), = 12 (ag (24),, ~ s (),

16



Lemma 2.5.

A (kQU) = (Akf,j - "f]) wig + ki fi

1’7.7
2 h? 1/2 2 4
+2VE | Vit + (vh ui; + Vi (k u)] - me) +0 (n')

Proof. First observe that

0x? ox ox ox?
0 0 0 0?
9 2 e 2 7
g+ (af) <8y >+k Tk

= uAk? + 2VE? - Vu + E*Au
= uAk? + 2Vk? - Vu + k* (f — ku)
_ (Ak;2 - k;4> w4+ 2VEk? - Vu+ k2 f.

It follows

7’7‘7

A (k’2u) = (Ak‘,ﬁ] — k’j:]) Uy 5 + QVI{‘ZQ’J . Vum- + kijfivj

= (Aki] — ki]) Ui+ kzjfi’j

2

h 0
+2VE? - (&cui,j +5 <5x5§ui,j + 5, (kZu)w, - aggfm) :

2

5yui,j —+ h6 <5y5§ui7j + (5y (]{7214)1 . aayfu])) + O <h4)

)]

17



= (Mij - kf]) uig + ki fig
2 h? 1/2 2 4
+ QV/{?Z-J» | Vpu,; + 3 V) " 5+ Vy (k‘ u)ij — me‘ + 0O (h )
from Lemma 2.2. [ |

Now, consider the sixth-order approximation to (1.1). The substitution of (2.3) and the

corresponding equation for y gives

2
Lpus; = Apusj + ki jug

0? 0? h* [ ot o ht [ 9° Q"
B <ax+ay>“+12<aa;+ay>“+3&)<ax+ay>“

+ ki + O ()

n* (ot o t (0% 88
=L 4 — [ — 4+ — s+ — [ =+ =V 6) .
RERNTD (8954 * 6y4> Ui+ 360 (axﬁ + ay6> uij + O (h )
It follows
EN Y ;
fig = Ly = Lyij — 156 = 5566+ O (h°) (2.5)

o o o° o°
where 8, = (6954 + 8y4> u;; and 5 = <8x6 + 8y6> u; ;. The coefficients of 34 and S

show that their approximations must be fourth- and second-order, respectively.

2.3.1 Fourth-Order Approximation of 3,
84 84
out " oyt

consider the second and fourth partial derivatives of the equation (1.1):

As defined in (2.5), 54 = (

) u; ;. To approximate 3, with fourth-order accuracy,

a4u—|— i u+ > ( 2u)—82
oxt 0x20y? 0x? 02

18



o4 ot 0? 0?
oo T ot T o (Ku) = 02
o° o° ot 9 o
8x48y2u + 8x28y4u + 0x20y>? <k u) © 0x20y?
It follows
ot 0? o1 0 /.,
art T 8x2f B 8x28y2u 0x? <k u)
4 2 4 2
64“: 82f_ ? ok 0 (k2)
dy dy 0x20y2  Oy?
o o ot ot 9
8x48y2u * 8x28y4u B 8x28y2f 022042 <k u)
Then
o4 ot
54 - <@l’4 + ay4> Us
0? ot 0 0? o
= ot~ gaapta ~ g (P gt ~ gaggte ~ g
o4 9
Lemma 2.3 and equation (2.6) give
ot h? o o°
6$5yuw BRI U ; + B <8x48y2 + 8:1:28y4> u;; + 0O (h )
o4 h? ot o4 9 4
~ oszoyr " T 12 (89&28312 Jii = geay (k “)]> ro ()
o - B2 ot ot , ,
6:1720y = 0a0ytiy 12 <8x28y2 Jiq = 0x20y? (k u)zj +0 <h )

19
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2 ¢2 W (oo (o o 4
= 5x5yum- + D (51,(52/ (k u)l] — sz’,j) +0 (h )

since 620, (k*u) is a second-order approximation. Finally,

84
/64 = Aflu] — 2Wuz’j — A (]{;QU)W
h? o
= Afiy = 20005 — & (555; (k2u>i’j SEEn fz-,j) - A (k%)m +0(n').

2.3.2 Second-Order Approximation of 3,
o° o°
ou5 " By

consider the fourth derivatives of the equation (1.1),

As defined in (2.5), G5 = < ) u; ;. To approximate ¢ with second-order accuracy,

A (k> )—84
0x6 8x48y2u gzt \" 1) T pyt
ot o° ot o°
03:4f B 83348y2u Ot (k u) = 9o
6
with 8Tﬁu found similarly. It follows
o° o°
ﬁ6 - <8$6 + 6y6> (%
ot o° ot ot o° ot
N 8m4f B 89548y2u e (k u) + oy* 8m23y4u oy* <k u)

o o 70N, o o
= — <8$48y2u+ 8x28y4u> — <8x4+8y4> (k ’LL) + (ax4+8y4> /

o o o N\, ot o
Sy e (M ; W) (k24) + ( ; y) ;

by (2.6). Lemma 2.4 gives the second-order approximation as follows

20



=020 (120),, = g (80 (#0),, - 2 (%))

ij  h? i,j

o o )
! (81;4 oyt 8x28y2> g+ O ().

The approximated (34 and (s substituted into (2.5) along with Lemma 2.5 gives

2 2

Liuij — ?2 [Afm‘ — 20,0, ui; — }g (5555 (Ku),, - a;;yzfm) —A (kQU)i,j +0 <h4)1

2y}
e 12
— oo [0 (k) = 5 (2 (), - A (k) )

.
* (ax4 T aﬁzay2> fii +0 (hQ)] +0(n°)

= Lhui,j + };255551%7] + 335252 (kZu)Lj + ;L(Q)Ah (k;%t)m
h2
+ % [(Akz] — ki]) Uy 5 -+ ki%jfﬁj

+OVEE, - (vhui,j + }g (v}/ uiy + Vi () =V fi,j)> + 0 (h“)]

ht [ 04 ot ot h?
- — 4 o= —NAf .+ O (RS
360 <8x4 * Oy - 8x28y2> Jis 12 Jis + ( )
h? o b 9o (10 h? 2
= Lhuiyj + E%éyum + %d’véy (]{7 u)m + %Ah (k? u)i,j
LONTIY o (v P (g2 v (k2
T30 (Ak, - u) Uij + g Vi - | Vatig T { Vi Wi+ Vi ( u>z]
ht [ o* o4 ot h? h? h?
_ 4 o — Afi 4+ —k2f . — —Vk2. -V Fi, 16
360 <8w4 + Oy’ + 8:10283/2) i 12 fij =+ 20 3 i 60V L Vit (’)( )
= fij-

21



Thus the sixth-order compact approximation is given by

L i — 6252 h452(52 k? h2A k?
hWij + G yWij + 90 * Y ( u)” + 30 h ( u)”
h? y A n*:_ sy 2
—+ % (Ak’ — ]{5 ) U;, 5 + EVki’j . VhUi] (V Uy, 5 + Vh (k )z,j)

with the right-hand side

B, ptfot ot ot h h .

fori =1,...,N, and j = 1,..., N,. This scheme provides the following coefficients for a
9-point stencil

10 41k}, h2
 3R2 5 20

2 kg h | WPk, 9
. S — ? ) j: 1 5] 7]{;2
HiEli 33 T g +

(ARZ; = kL)

30 120 /) 0x ®9°

ay N

il gy T 30 120

2 k’iQ,j:l:l :i: h h3k’i27j:t1 8 k2
3h? 90 *

YLl gpe T 0 T 120020 1200y

1 +ki2:|:1,j—1j: h akg h 9.,

. . [ el + Ry
Uikl - g 90 120 (%zzk it 120 Oy Fid

2.4 Summary

Chapter 2 developed the second-, fourth- and sixth-order approximation schemes for the
numerical solution of the two-dimensional Helmholtz equation. In addition, the nine-point
stencil coefficients were presented. Chapter 3 develops approximation schemes for the three-

dimensional Helmholtz and convection-diffusion equations.
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3 Three-Dimensional Discretization

Chapter 3 develops second-, fourth- and sixth-order compact finite difference schemes for the
numerical solution of the three-dimensional Helmholtz equation on rectangular domains. To
approximate the solution of (1.1) with boundary conditions (1.2), consider the computational

grid

Q= {(zi,y5,2) €ER® | vy = 1y +ihy, y; = w1 + jhy, 21 = 21 + Lh.,

i=1,...,Ny,j=1,...,N, l=1,...,N.}, (3.1)

where h, = (x, — ;) /(No + 1), hy = (yu —w) /(NV, + 1) and h, = (2, — z) /(N, + 1) are
the step sizes in the z, y and z directions respectively for Dirichlet boundary conditions.
If Sommerfeld-like boundary conditions are considered, the step sizes are defined as h, =
(g — 1) /[ (Ny = 1), by = (Yo —w1) / (Ny — 1) and h, = (2, — z) /(N, — 1). Regardless of
the step size definition, the same discretization applies. The following notation will be used

for the first and second central differences at the (3, j,1)-th grid point

U150 — 2Ug 50 F Ui

Ui41,5,0 — Ui—1,5, 2
Oplly ] = = ks 0o i1 =
Il ) z Y5l
2h, h2
where w; ;; = u(z;, y;, 21) and wigy 1 = u(z; £ he,yj, 21) [24]. The operators 6, J., 5; and

62 are defined similarly. In addition, the chapter introduces a fourth-order scheme for the
convection-diffusion equation with Dirichlet boundary conditions. Note that many of the

calculations needed for the development of these schemes are similar to those in the previous

chapter for the two-dimensional case and are therefore omitted.
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3.1 Second-Order Accuracy

Taylor series expansion of u at each point (z;,y;, z) gives

0 h2 82 h3 03 h4 84 h5 05 h6 86

(3.2)

Ui+1,51 = uzglih

fori=1,...,N,, j=1,...,Nyand l = 1,..., N, [24]. The addition of w;_1 j; and w;11;
will cancel the odd terms, that is

2

0
Ui—1,5, + Ui41,51 = 2uz]l + hxa 2“1]1 + O (h4)

2

Hence 62u; ;. + O (h2). The same expansion can be done with respect to y and

o 2u1jl

z. From these, the following second-order scheme for the approximation of (1.1) is obtained,

1 1 1 , 2 2 2
fi,j,l = ﬁuz 1,5, + — h2 Us 5—1,1 + h2 5 Wi 51—1 + k; ijl ﬁ - ﬁ - ﬁ Us 5.1
i T Y z
1 1 1 9 19 19
+ g+ s + gt + O (max {12, h2, h2}) (3.3)

fori =1,...,N,, 7 =1,...,Nyand [ = 1,...,N,. This scheme provides the following

coefficients for a 27-point stencil

12 2 2 1 1 1
Wigl = R0 — 2Rz R Wit1,4.0 + 2 Wi 1, - B2 Wi jid1 - 12’
T Yy z x Yy z

Uit1,541,141 = U 41,141 = Wit1,5141 = Ui+l 41,1 - 0.
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3.2 Fourth-Order Accuracy
The fourth-order approximation given in Section 3.2 uses a strategy similar that of Lele [4].

Here, the fourth-order term in the addition of w;_; j; and w;44 j; is included, that is

82 4 34

Ui—1,5,1 + Uit1,51 = 2uz,jl + hxa 2uz,]l + = 12 or 4u1,j,l + @ (hG)
o2 h2 o
52u; 51 = Hp2 it t 1y g atia t O (hi)
o2 B2 -1
@ui,j,l = ( m52> 5§Ui,j,l + @ (hi)
82

8 5 wl—oz 5u”l+(’)(h4)

where o, = (1 + h262/12). The same expansion can be done with respect to y and z. Note

that Lemma 2.1 had no dependency on the spatial direction or dimension, so the operators

oy, o and o, commute. The following is obtained by multiplying ooy, to both sides of

(1.1)

2 2 2 2
QU O, 0, Ui 1+ QL0 U 1+ Q05U 1 + QK Wi 1 = Oy

+ O (max {h}, by, h1})  (3.4)

The following fourth-order scheme for the approximation of (1.1) is obtained by multiplying

out and dropping all terms with h2h2, h2h? h2h2 and h2h2h2 This is justified because the

x'fyr Tl

fourth-order approximation scheme is considered and only the second-order terms need to

remain. Consider first
2 2 51,2/ 2 52 2
a0y = | 14 hy,—2 15 1+h—= T 0y 5
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252 252
= (5:% + h2% + h2 6152) Uy, j,1-

v 12 Z 12
Also,
52 52 52
azayazkzj’lui,j,l = (1 + hié) <1 + h;é) <1 + hil;) k?’j,lui’j’l
2 62 2 52 2 52 2
=(14+n2=) (1+R2L+n22) k2 u
( +'”C12>< +'f‘f12+312> g g
52 62 52 6262 5262
— (1 hzi h27y h2i h2h2 7Y h2h2 Tz k2 Iy
<'%zm+'ﬂ2+Zm+'xym4+xZ1M g !

2 2

52 ) 0
— (1 + hil—; + hzé + hié) k’iz,j,lui,j,l.

Substituting these and the analogous terms into (3.4) gives

562 52 52 52 52 52
1222 L p2 % 222 ) f = (1R o p2 Y 202 k2
( +hm12+hy12+h212> figi ( +hx12+hy12+h212> ki i g

52 52 (52 52 52 52 52 52
62 h2:vy h?xz B 52 h2wy hgyz N
+<$+y12+212>wﬂ+<y+$12+Z12>%ﬂ
5262 5262
2 2%x"z 27y~ z 4 14 14
+ <5Z + B + h,, 15 > w1+ O (max {hx, h.,, hz})

fori =1,...,N;, j =1,...,Nyand | = 1,...,N,. This scheme provides the following

coefficients for a 27-point stencil

K2, A(1 1 1 .
Uit s =5~ — 3 hj% + h?/ + hé s Wikt 41041 ¢ 0,

k2, 2 1(1 1 k?. 2 1/(1 1

. gLl AN ==

“ﬂﬂ‘u‘%m‘Jﬁ+m» RO m‘%m‘Jﬁ*m»
Yy z x z

Y

kf.lil 2 1/1
“%m:’&+yﬂ—6<
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1/1 1 11 1 Ll 2
Uj jt1,0+1 ° o\ 72 + 2 ) LZESWNES B 12 \ h2 + n2lo Uikl jELL - 12 h T2 h2
y z * ?

3.3 Sixth-Order Accuracy

Section 3.3 derives the sixth-order approximation finite difference scheme in the three-di-
mensional case. The work closely follows that presented in [5]. After establishing notation,
the necessary lemmas with their proofs are given, followed by the development of the approx-
imation schemes. For this scheme a uniform grid step in both spatial directions is assumed,

that is h = h, = hy = h,. Define the following notation,
Apu g = <5§ + 53 + 53) wiji,  Lpuij; = (Ap+ kij,z)ui,j,l Vit = (0g, 0y, 02) wiji,
Vi i = (0,02, 620, 620.) wiju + (.02, 6,02, 620.) iy,

ot ot o o° o° o°
4 _ (O O 0O 6, _ (Y ¢ 9
VU_<8w4+6y4+8z4>u’ V’u <8x6+8y6+8z6>u

Note the sum of w;1; ;; and u;— j; from (3.2) gives the following

82 4 84 h6 aﬁ g
Wi141 + Wipr 0 = 2ui 1 + h? o 2ol T 5 12920 Us 51 + 360 9 6uZ]l+O<h)
0? h? o* ht 0
Ot = 55t ji+ oo il + o5 i+ O (h°). (3.5)

Lemma 3.1.

0 h? 0
%ui,j,l = 5wui,j,l + E (595(55?14,]',1 + 515§ui7j71 + 533 (/CZU)M_J - &Ifi,ml) + @ (h4>

Proof. Differentiating (1.1) with respect to x gives

0 0? 0? 0 /5 03
%‘f B 8m0y2u T 02022 Ox (k u) N
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The difference of w; 41 ;; and u;_; j; from (3.2) gives

0 h* 93

ot T e g Su”l+o<h4)

5xui,j,l

) W2 (9 9 9 9, , ,
gt = Oatias = g (axf " el Gap it~ gy “)> +o ()

9 h* (0 2 2 2 4
O il = Oz Wi j1 — 3 ((%fi,j,l — 020, Uj 51 — 0205 Uj 51 — Oy (/f U)@j’l +0 (h )
since 050,; 51, 0z02u;,5; and 0g (k*u) +j1 are second-order approximations. [
0
The fourth-order approximations for a—um,l and 8—%]-75 are found in the same way since
y z

the calculations in Lemma 3.1 are not dependent on the spatial direction.

Lemma 3.2.

5252 B 34 h2 86 36 A

Proof. The truncation of (3.5) to fourth-order gives

02 h* o*

ooatigt g g+ O (h). (3.6)

(531@7 gl =
It follows

0? h? o*
5;(52’&1'73‘71 5 (a Qu”l—l— 12 0z 4u”l> +O<h4)

9% [ 0 h? ot h? ot [ 0? h? ot .
= a—yz (axzui,j,l + 128m4ui,j,l> + ﬁ@ <8I2Ui7j’l + 12%1114@1) + O (h )

84 hZ 86 hZ 86 h4 ag A
= o i Ty gyt T away o Tagmay e T O (1)

ot h? 98 98
- 0x20y oz " T 12 <8m43y 8x28y4> it O (h4) ' -
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Lemma 3.3.
VH(R) =5 (Ah (kQu)W - A(k‘zu)im) +0 (n?)
Proof. Note that

o? h2 o4
% (kQu)i,j,l = 02 (k2u>i,j,l + 12 94 (k2u>z‘,j,l +0 (h4)

by (3.6). Hence

ot ot o 12 0?
<8x4 * Oyt + (‘924) <k2u)z‘,j,l 2 (55% (kZu)i,j,l T ox2 (kzu)i,j,l>

12
(2 2 ) (), = 12 (55 (),

0? 0? 9? 9 9
Lemma 3.4.
A(Ku) = (A2, = k) i+ K fi

4,7,

1,]

h2
+ QVkiZ,j,l : (thid"l + E (Vi/2U¢7j7l + Vh (kZU) . — meJ)) + @) (h4)
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Proof. First observe that

0? 0? 0?
A (k:Qu) =92 (k2u> + 873/2 (k‘Qu) + 9.2 (kzu)

@, (0 )\(0 ,

2 2
+ ua—kQ +2 <6k2> ( 0 ) + kza—u

Oy oy ) \oy" Oy
2, (0 N[0 , 0

= ulAk? + 2VE? - Vu + k2 Au

= (AR — k') u+ 2VE - Vu + K f.

It follows
A (kQU)i,J,z = (AkEj = ki) wiga + 2V Vg + ki
2 h2 2 2 2 d
+ 2Vki7j,l . (SxUmJ + E 5x5yui7j,l + 5I52ui,j,l + 595 (k’ u)i,j’l — %fi,j,l s
h? 2 2 2 0
(Syuml + g 5y5xui’j’l + 5y5zui?j,l + (5y (l{? u)z’7j7l — aiyfi’j’l 5

2

h 0
Ot <5z5§ui,j,l + 6,000 44 + O (/&u)m - é?zfi’j’l)> +0 (h4)

— 2 4 2
o (Aklvjvl - klv]vl) ui’j’l + kiv.jvlfi7j7l
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h? 1/2
+ 2Vk2j . (th”l + g (V / Ui 1 + Vi (k2u>m‘,l — Vf¢7j7l>> + 0O (h4)
from Lemma 3.1. [ |

Now consider the sixth-order approximation to (1.1). The substitution of (3.5) and the

corresponding equations for y and z give

2
Lyuijp = Anuigg+ ki ;i

0? 0? 0? o o o
==+ ==+ = . Uzjl—i- W—i_@—i_@‘l Ui g1

ht [ O° 98 90
(2o e 2o

h? ht

360
It follows
h2 h4 5
figi = Luijp = Lpug 0 — 554 - %Bﬁ +0 (h ) (3.7)

where 84 = V4um~7l and (B¢ = V6uz~,j,l. The coefficients of 54 and S show that their approxi-

mations must be fourth- and second-order, respectively.

3.3.1 Fourth-Order Approximation of 3,
To approximate 84 with fourth-order accuracy, consider the second and fourth partial deriva-

tives of the equation (1.1):

Bzt " Ox? U 8x28y2u T 922027 Ba?

ot 0 o o 02 (174)
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o ot ot 2,
0" = o]~ amapt ~ apamt T o KY)

ot 0? ot ot 0
04"~ 8227 T area2" 8y28z2 022 <k )

aﬁ 86 84 86 84 )
ax483/2u i 81’23y4u a 3$28y2f B 8x23y2322u  0x20y2 (k u) (3:8)

Then

o ot 0? 2
fml 23 g Wil — mum’l_@(k u>zjl
(9 ot ot >’ /s

oy 1~ pazag il T gyraatiil T gy (¥,
o ot > o,
fz]l 28 2 Ui j1 — ay2622ui,j,l_@(k‘ u)zjl

0! ot o 5
= Afuge =2 <8x28y2 + 0x%202> + 8y28z2) Uige = & (k u>i,j,l '
Lemma 3.2 and equation (3.8) give

ot h? o o°
59265;1%-%1 = 5 54 5 Wijl + — (a + > U 5.1 + O (h4>

0x201y? 12 \ 0z*0y?  0x20y*

84
- 0x20y? Hijd

+h2 o e f S— —84<k2u) +0 (n')
0x20y? S 8x20y28z2uw’l 0x20y? i\,

ot 22 h? ot Q" 0 2 4
= 85330~ 15 (g hon~ gragyzaeatin gy () ) +O ()

U 5.1
0x20y? "’
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h? o
_ 5252 252 ¢2 4
= 62024y + — <5x5yézul,j,l + 0252 (kQU)i,j,l - 3o fm-,l> +0 (h')

since 020,07u; ;; and 020, (k*u) are second-order approximations. Finally,

=A 2 o o o A (K
P =Bliga = 0z20y? * 02202* * 0y?02? it = ( u)ml

h2 84
— Af - 20200 — <5g(sgagul,j,l #0257 ()., ~ 5o fm>
h? o
— 252521%][ - — (5323(5;(531112’],1 + (5553 (k2u)ijl - W'fi’j’l>
252 h2 25252 252 2 64
— 26207031 — — <5$5yazu,,j,l + 6,02 (Ku), .~ Wfi,j,l>
2 4
~A(Ku), +0O(n?)

h?
= Afiju—2 (0207 + 6202 + 0202 ) wiju — 0200075y — A (K?u)

9 TUY 2 bl
- }g (5555 (W), — a:cfgy fm)
- ;:32 (5353 (k2u>i,j,l - 896?; 2fm>

- <5252 (W), ~ ayﬁgz?f “‘l> +O(x).

3.3.2 Second-Order Approximation of B4
As defined in (3.7), fs = VOu, ;. To approximate (s with second-order accuracy, consider

the fourth derivatives of the equation (1.1),

o° ot o° o° ot
a1 0x4f B 8:E40y2u T 004022 aut (k u)
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6 86
with a—yﬁu and @u given similarly. It follows

o° 0° 0%
&:<wﬂn¢+wﬁu

R P
0x20y2022 0x20y? 0x20y?

0° ot 9 ot
+ 6$28y2822u + 022022 (k u) B 8x28z2f
86 84 ) 34
* 8x28y2822u * 0y?0z> ( u) B 8y2822f
4 4(1.2 0°

Y (A (k*u) - r , o, f
0x20y? = 0x20z2  0Oy?0z? 0x20y?  0x20z2  0y?02?

by (3.8). Lemma 3.3 give the second-order approximation as follows

B = (0285 20+ 50) (), — s (n (k2) = A (k) )+ salofatu,

i i+ O(R?).
0x20y? T oza2 T 6y28z2> Jiga V- figa ( )

( o ot ot
The approximated /4 and (s substituted into (3.7), along with Lemma 3.4, gives

h? h?
Lyuiji = 35 lA Figa — 2 (0207 + 0207 + 6702) 1 — 5 02030251 — A (k)

1,50

h2 22 2 84 h2 2 ¢2 2 64
o (729 () mmgation) — 5 (592 000),,, gt
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h? P
_E (5555 <k2u>i,j,l - Wfi’j’l> + 0 (h4)]

h 2 ¢2 2 ¢2 2 ¢2 2 12 2 2 222
B 360 Kéwéy +0;0; + 5?/62) (k U)i,j,l CR2 (Ah (k u)i,j,l —A (k u)i,j,l) t Sémayézui,j,z
o o o , ) .
- <8x28y2 T ooz T ay26z2> figi+ V' i+ 0 (B) [ +0 () = fiju
h? h’ 2 2 2 ht 2622 h? 2
= Lyuiji— 50z + ¢ (6202 + 6262 + 6207 w1 + 5002020 1+ 5 A (k “)i,j,l
h? 2 ht 2 1/2 2
+ TOVki’j’l - Vpu, g + @Vkml . <Vh Ui g1+ Vi (kz u)i,j’l — me-’l)
h 2 ¢2 2 ¢2 2 ¢2 2 ht d 0" d*
h? 2 4 h’ 2 ht 4 6
T 20 (Akm - ki,j,l) Ui+ ?Oki,j,lfi,j,l — %V fijg+O (h )
- fi,j,l~

Thus the sixth-order compact approximation is given by

h? h?
Lhuim + E ((53%55 + 5£6§ + 5;53) ui,j,l + % (Aklzd}l — k?,j,l) ui7j7l
h2

h4 1/2 h4
Vk?’j,[ . thi,j,l + %Vkij,l . (Vh/ Wi ji + Vh (kQU)iJ’l> 4 76252521”’]',[

10 30 v

1,5,

h2 2 h4 2¢2 2 ¢2 2¢2 2
+ 558 (k u)mjl + 5 (0267 + 6202 + 6207) (K*u)
with the right-hand side

1 h—2k2 f +h—2Af +h—4w:2 Vf--+h—4v4f~
90 Vil | Jhat T oS pl T e Vi Wl T 360 07,1

h* ot ot ot
* 90 <8x28y2 * 022022 * 8y28z2> Jia
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fori =1,...,N;, 7 =1,...,Nyand [ = 1,...,N,. This scheme provides the following

coefficients for a 27-point stencil

64 14k’3]l h? ) A 1
Uiglt T e + e 20 (Ak”l k”g) ) UiELELEEL Y 50

Uit1,5,0 15h2 90 608 zyl z:l:l]l )

7 k2.ovy  h O, h?
Ui, j+1,0 - 15h2 - S;O @aﬁlﬂﬂ 9 ki,jﬂz )
7 k2.i0 . h O, h?
Uigikl 5is ~ g0 F o s et |1 g R )

Ui j1,141 101h2 k?’jgé’lil + 120 <(§y + i) kzj,z,
Yig=LiL 101h2 + kzjs;é’lﬂ - 1}2L0 ((‘fy i gz) it
Wit EL 101h2 N kiagém * 120 (88:1: + i) bt
e 101h2 * k?_gé’lﬂ 120 (8(1 + 882) it
Uit ,jE1 L - 101h2 * kzagéw * 120 <<§x = 883/) bt
HimtELL - 101h2 k?;éﬂ’l B 1}210 (éfx T (ffy) b
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3.4 Fourth-Order Accuracy for Convection-Diffusion

Although this research focuses on the Helmholtz equation, the presented numerical methods
have a wide range of applications. One such application is the convection-diffusion equation.
To demonstrate the FFT solver’s versatility, section 3.4 develops only the fourth-order finite
difference scheme. The scheme gives the approximate solution of the convection-diffusion

equation on rectangular domains with Dirichlet boundary conditions. That is

Au(x) —a-Vu(x) = f(x) inQ (3.9)

with a = (aq,as,a3) € R? where a;, ay and a3 are the constant convection coefficients in

the x, y and z directions respectively. The domain is defined as before, that is (3.1), where

he = (2u — 1) [(Ne +1), hy = (yu — 1) /(Ny + 1) and b, = (2, — ) /(Nz + 1).
Three-dimensional Taylor series expansion, (3.2), gives the fourth-order approximations

for the first and second derivatives as

0 h,* 0

%Ui]‘l_d@ui,]l— 6 8 3u”l+0<h ) (310)
0? h,> 0
7@:)32 Us 51 = 5iui7j7l 12 o 4uzyl + O (h ) (311)

Taking the partial derivative with respect to x the equation (3.9) can be written

a—Qu—f—a—zu a2u+a au+a au%—agu

oz T o2 922 Yo 0y 0z

o3 0 o3 o3 0? 0? 0?

93" " o) T o awo2t T Mot T 2,0 T B g5 (3.12)
o 0? o o 03 03 03

i T 8x2f B 8x28y2u T 972922 * N U2y o hy Ox? 8y uta % 5528, " (3.13)

37



The second-order approximation of (3.12) is given as

83

0
oot = 5 fijl t (0202 + 20,0, + a36,0. — 6,0, — 0,07 ) wiju + O (he”) . (3.14)

The second-order approximation of (3.13) is found similarly, but it also requires substitution

of (3.14). That is

o1 02 ok
@uid}l = @fi,j,l + alﬁum,l + (a26§5y + CL35§52 — 52(55 — (5553) Uj 51 + @ (hac2>

0? 0
— w'fi’j’l + aq [arfi’j’l + (al(ﬁ + a/251-5y + a3(5x5Z — (53553 — 530(53) umﬂ]

+ (02030, + 43070 — 070 — 5307) wiju + O ()

0? 0
= @fi,j,l + aq

o figt a1 (0107 + ax00, + 03,0, — 0,05 — 0,0 ) wi

+ (2028, + 03020, — 0207 — 6262) i ju + O (). (3.15)

Substituting (3.14) into (3.10) gives the fourth-order approximation of the first derivative as

] h? [0
B it = Ot g — o [82: Figa + (@102 + 20,0, + 30,0, — 6,67 — 0,.07) ui,,-,l] +0 (ha*).

(3.16)
Similarly, substituting (3.15) into (3.11) gives the fourth-order approximation of the second

derivative. That is

02 h? [ 0° B ) , )
@ui,j,l = _ﬁ @fi,j,l + al%fml + aq (além + a25$5y + a35$5z — 55053/ - 5I5z> ui,j,l
+ (02028, + 05020, — 0202 — 6202) i ja| + 02us 0 + O (hy") . (3.17)

Equations (3.16) and (3.17) give the approximated partial derivatives with respect to z, but
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the derivatives for the y and z directions are found similarly. Using the same notation for

Ay, and V), from Section 3.3 the fourth-order compact approximation for (3.9) is given by

1
Ahumﬂ —a- thi,j,l + — (alhféz + aghy25y + a;»,hféz) (a . thi,j,l)

12

1
- = ((ar + Dhe’0s, (az + 1), 0, (a5 + 1)h.20. ) - (87 + 62,02 + 02,02 + 07 ) wi 4

1
-5 (ha?02, 26, h2"67) - (a20, + asdz, 410, + asds, a1y + az6,) i g

with the right-hand side

L[, 00 L, L, |
fZ]l“‘ h p‘l‘hy ﬁ“‘h fzgl 12 (alhx7a2hyaa3h )'Vfi,j,l

fori =1,...,N;, j =1,...,Nyand | = 1,...,N,. This provides the following 27-point

stencil coefficients

4 (1 1 1 1
Uigl: =3 ( +5+ ) 6 (a% + a3+ a%) s Wikt j+tg+1 - 0,

Us j+1,1 -

1(a? a 2
Uik1jl ' g Z:Fh*‘f‘ﬁ -

2 a? a 1 ash,
Uijit1 75 + o T 3—6<1:F - )

. 1 ash., 1 1 a9 ash., hy 1
Uz}j-&-l,lil-lz(l:’: 9 )(;Lz+}L2>_2<1:F 2 ﬁ+h7y ’
z Yy o
1 ash, 1 1 Q2 agh. hy 1
i — (1 2 T 13 TR h, ]’
Ujj—1,1+1 12( + 5 )<h§+h§>+2 ( ™ 2 hz2+hy
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Uit1,5,141 - 12

WUit1,5j41,0 * 12

Ui—1,5+1,1 -

1 1 aghz
Ui—1.5 LT
1,5,0+1 D + 5

3.5 Summary

Chapter 3 developed the second-, fourth- and sixth-order approximation schemes for the so-
lution of the three-dimensional Helmholtz equation. Additionally, the fourth-order approxi-
mation scheme was developed for the convection-diffusion equation. Chapter 4 will present

the definition and approximations of the boundary conditions considered in the research.
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4 Boundary Conditions

Chapter 4 presents the definitions and detailed applications of the Dirichlet and Sommerfeld-
like boundary conditions. In the case of Sommerfeld-like boundary conditions, the necessary
approximations are provided for the respective scheme’s order of approximation. Vector and

matrix notations are required. Let Vg g € C70+D(@=c+1) he guch that

T
Vaib,ed = |Va,e Va+le *°° Ube Vaet+l “°° Ubetl *°° Uagd - Ubd

where a,b,c,d € N with a < b and ¢ < d. For matrices a similar notation is used. Let
M € C"™ where n,m € N. If a,b, c,d € N such that a < b <nand ¢ <d < m then My cq
is the sub matrix of matrix M consisting of rows a through b and columns ¢ through d. The
sub matrix M, 1., represents the a-th row of the matrix M and M., . is the c-th column.
The vector and matrix notations are utilized throughout.

To illustrate how the boundary conditions are implemented, Chapter 4 works through a
simple, two-dimensional Helmholtz example where N, = N, = 3 and k is assumed constant.
Additionally, consider the general 9-point stencil in Figure 4.1. The stencil holds when
k is constant with no other assumptions. Figure 4.2 illustrates the domain with different
positions of the 9-point stencil corresponding to the first three rows of the matrix in Figure
4.3. The solution vector, ui.n, 1.n,, consists of the N, - N, = 9 elements shown in the interior
colored white, while the boundary is shown in blue. This illustration demonstrates the
relationship a solution element shares with its neighbors. The only element in the example
without influence from the boundary is us». An extension of uy.n, 1.y, t0 Wo.n,+1,0:8,+1

includes the boundary values. Let B € CNeNyx(Na#2)(Ny+2) he the sparse block tridiagonal
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Figure 4.1: General 9-Point Stencil for Constant &

matrix shown in Figure 4.3. Then Bug.n, +1,0.n,+1 represents all the possible positions of the
stencil in Figure 4.2. The matrix elements of B that are highlighted blue in Figure 4.3 will
be relocated or approximated appropriately dependent upon the boundary conditions under

consideration.

4.1 Dirichlet Conditions
In Dirichlet boundary conditions the solution to (1.1), u, is known on the boundary, that is

u(x) = g(x) for x € 9. Since the function is known on the boundary no approximation is
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Figure 4.3: Coeflicient Matrix B with Boundary Elements

., O by, b a b bp p bp
bmam bm b a b bp ap bp
bmam bm b alb bp ap bp
Oy O by b a b by @ by
bmambm b a b bp ap bp
by, W by b a'b bp ap bp
by, @ b, b a b bp ap bp
- b ab by @p by
B by G By b alb by Gp by

required. The values of B corresponding to the boundary can be moved to the right-hand
side of the system, demonstrated in the two-dimensional example. Let fi.n, 1.n, € CN+Ny he

such that Bug.n,+1,0:v,41 = fi:n,,1:v,- This system is equivalent to Auy.n, 1.8, = fiin, 1:8,,

that is

fa b a, by 1 [ui1]

b a b b, a, b U1

b a b, a, Us 1

Uy bm a b a, by U2
by, apm by, b a b b, a, by U2
b, am b a b, a, U3 2

G b, a b U3

bn am b, b a b Ug3

L b U b a ] |ussl

[f11 — b0 — amt1p — bpua g — bug 1 — bpug 2]
f2,1 - bmul,o — QU0 — meS,O

f3,1 - bmuz,o — U300 — me4,0 - bu471 - pr4,2

fi,2 = bug1 — buga — byuo 3
f2.2
f3,2 - me4,1 - bu472 - pr4,3
f1,3 - bpuOA — QpU14 — bpu2,4 - on,3 - bmuo,z

f2,3 - pr174 — QplU24 — pr3,4

L f3,3 - bpu2,4 — ApU3z,4 — pr4,4 - bu473 - bmu4,2 i

where all the known boundary values and their respective stencil coefficient have been re-

located to the right-hand side. The solution of this system with k variable in the vertical
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direction in both two- and three-dimensions is considered in Chapter 5.

4.2 Sommerfeld-Like Conditions

Section 4.2 describes an approximation for the Sommerfeld radiation conditions, namely
Sommerfeld-like boundary conditions. The Sommerfeld radiation condition is given by (1.3)
for both two- and three-dimensions. Truncating the unbounded domain to a finite domain at

the boundary under consideration provides the approximation, Sommerfeld-like conditions,
Vu(x) - n —ik(x)u(x) =0 (4.1)

for x € 0N where n is the outward normal vector of the boundary. Equation (4.1) presents
the first-order absorbing boundary conditions [10]. Higher-order ABCs are viable, but not
considered here as they do not have a dramatic influence on the accuracy of the solvers [11].

The following subsections give the boundary approximations required for the second-,
fourth- and sixth-order schemes from Chapters 2 and 3. The approximations are strictly for
the Helmholtz applications and only those for the three-dimensional case are given, although
the two-dimensional case is similar. Consider i strictly as i = v/—1 and not an index; ¢ is
used for indexing.

For the first term in the three-dimensional second-order scheme (3.3), u, ;;/h,° for
t=1,...,Ny, 75 =1,...,N,, l =1,...,N,, if « = 1, then the term is on the boundary.
With Sommerfeld-like conditions this value is unknown and must be approximated with
elements of the solution vector that are not on the boundary. To maintain the order of the
scheme these boundary elements require higher-order approximation by at least two due to

the division of h,%. The need for higher-order approximation is true regardless of the order
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of the scheme or direction of the boundary. Therefore, the approximations of the boundary
conditions given in the section are fourth-, seventh- and ninth-order accuracy for the second-,

fourth- and sixth-order schemes respectively.

4.2.1 Fourth-Order Accuracy
For the boundaries with respect to the x direction, the subtraction of u, j; and u,—1 ;; from

the three-dimensional Taylor series expansion (3.2) gives

0 h3 03
Up1,4,0 — W11 = th%%ayz + f@um + 0O (hi)
) 2,0
Oty 1 = G et T 353373%3‘,1 +0 (hi)
) 2 \7!
%ub,jﬂ = (1 -+ 6x(592:> 5qu,j,l + O (hi) . (42)

Written explicitly for the boundaries in the x direction, (4.1) is

Vu-(1,0,0) — iku = ;xu —iku =0 (4.3)
Vu-(—lOO)—ikzu——gu—iku—O—gu—l—iku (4.4)
Y Y - ax - - ax . .

On the lower and upper boundaries of the domain the Sommerfeld-like boundary condi-
tions differ only by the sign of iku, which is true for all spatial directions. Assume that
k, ;i1 = kj; near the boundaries in the x direction. The assumption is valid for the problems
under consideration as the inclusion will not be near the boundary. Substituting (4.2) into

the equations (4.3) and (4.4) gives the fourth-order approximations for the terms on the z
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boundaries as

0

0= —u,; i — ZkL 15,1
aw 2T 5T 5T
h2 2 4
. . T
0 - 6qu,j,l - ZkL7j7luL7j7l - Zk;ijJE(S(LuL)j)Z + O (hlb)

0= (3 + Z‘hxij) Uypt-1,5,0 — (3 + Z‘hxkjl) Uy—1,5,1 + 4Z'hxl€j,lub,j,l + 0 (hi)

(34 thyk;;) 4ihykj,

L il = L j . L,J @ h4
L T k) YT (B gy T (1)

4
W ga = Begatirgs + g+ O () (4.5)

(3 + ihoksy)
(3 — ihokjy)

dihgkj,
(3 — ihak;,)

where 3, ;; = and o j; = . The coefficients 8, ,;, a1, B2, and

o, ; are found in a similar way.

4.2.2 Seventh-Order Accuracy
The seventh-order approximation for the Sommerfeld-like boundary conditions require the
derivatives of (4.3) and (4.4). Maintaining the assumption that the function k is constant

with respect to x near these boundaries, the derivatives are

aau +iku=0

T
a——)
ErChi + or
o? 02 . 0 5 0
%u = $zk@u = Tk <$zk8$u) = -k %u
o 08 , 5 0 30
@u = $zk$u = Fik (—k &Eu> = +ik %u
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5 4
gﬁu = $ik§x4u = Fik (iz‘k?’aiu) = k4aaxu. (4.6)

The seventh-order difference of w11 j; and u,_; j; from (3.2) becomes

0 h: 0° e P
Up4-1,5,0 — Up—1,51 = thfum"l +2-= + 25%

Ox 31 O3 il w0+ O (hz7)

9 R2k2,  RAkA N\ T
%ULJ,Z = (1 - 3']71 + 5']7l> (quL,j,l +0 (th)

after the proper substitution. Subsequently,

R2k2, hAEY\ P
0= (1 — 9637‘# + %']’l> 5zub,j,l + ’l'ijUL’j’l +0 (th)

, h2k2, Bk
0= Upt1,5,0 — U—1,5 + 2Zhackj,l (1 - 3!]71 + 5!J’l> Uy,j1 +0 <h$7> :

Thus the seventh-order approximations for the terms on the x boundaries are

, h2k2, Rkt
Ut1,0 = W1, + 2ihgkj (1 - 3!],1 + 5!37l> U1+ O (hﬂ)

U151 = Botuzrji + Qajith i + O (h;) (4.7)

where 3, = 1 and oy j; = 2ih,kj; (1 — h2k?,/3! + hik;{l/ﬁ). The coefficients 3, ay,., 5

z™Vj,l

and a,, ; are found in the same way.

4.2.3 Ninth-Order Accuracy
The development of the ninth-order approximation builds upon seventh-order. Continuing

from equation (4.6), the sixth and seventh partial derivatives are

0° 0P , 4 0 5 0
%u = $Zl{;$u = Fik (k E)xu> = Fik %u
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o7 o 29 . 0

The ninth-order subtraction of w4 j; and u,_; ;; from (3.2) gives

3 33 ho 55 7 7
U150 — =141 = 2h axuwl + 2 3' o a3 Uy 5.1 1+ 2 51 O a5 Ldl +2—" 7' o 7ULJ[ + O (h )

B, h2k2,  hAkY, hSKS\ T
aajub,j,l—<1— e 7,”) 0r + O (ha®).

after the proper substitution. Then

R2k2, hAEY RSES N\ P
0= <1 — x3|]’l + x5']’l — 277‘j,l> 59«“”%1:1 + ikj,luL,j,l + 0O (hx8>

h2k2,  BikY,  ROKS
0= U150 — W—1,41 + Qihxk’j’l (1 — 31371 + 5[]1 . 7'],l> Uy 51 + O (hx9> . (48)

Thus the ninth-order approximations for the terms on the z boundaries are

| AL LB,
uLj:].,j,l — U/l,:Fl,j,l + 2lhxkj,l (1 — 3!'77 + 5!]7 _ 7!]’ ) UL,j,l + O (h’ét9>

9
Upt1j1 = Potuz1ji + gt gi + O (hz)

where 3, =1 and a, ;; = 2ih,k;; (1 — hZk3, /3! + hyks, /5! — hgkﬁl/ﬂ). The coefficients (3,
ay,.1, B2 and a,, ; are found in the same way.

Return to the two-dimensional example and the matrix B given in Figure 4.3. The
linear system Buo:Nz+1,0:Ny+1 = flzNz,l:Ny needs to be consolidated to Aul:le:Ny = fl:le:Ny
where A € CNe Mo Ne' Ny and g, 1.n, 18 the unknown solution vector without the boundary
elements. Consolidation is accomplished by using the approximations for the boundary

conditions. Define o, = v j; since «y ;; is constant in this example, and define «,,, 8, and
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By similarly. Consider the first row of B times ug.n,41,0.5,+1. That is
f1,1 = Bl,l:(Nz+2)(Ny+2) * U0: N,y +1,0:Ny+1
= me0,0 + Ay U1,0 + meZo + bu(],l + aty 1 + bu271 + pr(),Q + aply 2 + prQ,Q

= by, [ﬁxﬂyuZQ + ay Bpug + agByur o + OéxOéyul,l] + am [5yul,2 + Oéyul,l]
+ by, [Bytine + oyig 1] + b [Bruiag + cpun 1] + augy + bugy

+ by [Brtiae + agpui o] + apuy o + byus s

= (a + bpagoy + amoy + bay) w1 + (ap + bnag By + am By + bpoy) U o

+ (b + bpoy By + bpoyy + b55) ug 1 + (by + by By + bpfe + b B2 By) a2

= a"uyy + a](,x’y)um + 0y g + b](Jx’y)UQ,Q

= Al,l:Nm-Ny *U1:N, 1:N, -

(4.9)

where a™¥) = (a + b0y + amay + bag), al™ = (a, + bpowBy + amBy + byas), DY) =

(b + by By + by, + b3,;) and bl(f”’y) = (by + by + bpfs + b B.fy). The process is re-

peated with the remaining rows giving the consolidated system Auy.n, 1.n, = fi:n, 1.3, That

is

[q(@y)  pley) az(fvy) b](f’y) ] (1,1 [f11]

pw 4@ p) béy) apy) b) U1 fan

pEy) @) b](f’y) apm’y) Uu3,1 fa1

a,(jf) b,(jf) a®  p@) al(j”) b](f) U2 fi2

bin (m, b, b a b by ap by uz2| = | f22

AQIAC) p@ g béx) aém) U3 2 f3.2

a@y)  plEy) al®y)  p@y) uy3 fis

bS,Z{) a%/) bgg) b) a®) b®) U2 3 f2,3

by @) bEy) (@) LU3,3. /53]
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where the elements of A are defined like those in (4.9).

4.3 Summary

Chapter 4 presented the definitions of the Dirichlet and Sommerfeld-like boundary conditions
and developed the approximations for the Sommerfeld-like conditions. A two-dimensional
example demonstrated the boundary conditions’ implementations. Chapter 5 will present a
highly parallel algorithm for the solution of 9- and 27-diagonal linear systems satisfying a

set of required conditions.
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5 Direct FFT Solver

An efficient parallel direct solver is presented utilizing the second-, fourth- and sixth-order
compact schemes given in Chapters 2 and 3. The defining assumption is that the coefficient,
k, only varies in the vertical direction. That is k(x,y) = k(y) and k(z,y,2) = k(z) within
the domain in two- and three-dimensions, respectively. The solver can be used in the case
with Dirichlet conditions on all boundaries or Sommerfeld-like conditions on the top and
bottom boundaries with respect to the vertical direction and Dirichlet on the others. The

following vector notation is observed. The vector v; € CN="Nv is such that

T
Vi= (Vi Uang cct UNaL Uiar Uaar t UNeag t UNGN (5.1)

for {=1,...,N,. In the two-dimensional case v; € CN= for [ =1,..., N,.

5.1 Stencils
The second-, fourth- and sixth-order compact schemes in two-dimensions can be presented in
the stencil form shown below. Figure 5.1 graphically shows the 9-point stencil. Any compact
scheme with these stencil coefficient patterns can be expressed at every grid point (7, j) as

j+1

Z (b [Uim1p + Uip10]) + auiy) = fij

v=j—1

The equation corresponds to the (i + (7 — 1) - N,) — th row in the resulting linear system
Au = f where the vectors u, f € CV+Mv are such that u = [ul uNy}T is the solution

vector and f = |f; --- fNy}T is the right-hand side of the numerical scheme.

Likewise, the compact schemes in the three-dimensional case can be expressed at every
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Figure 5.1: FFT Solver 9-Point Stencil

bjt1 @jt1 bj+1
QOO
R

b],1 aj—1 bJ,1
grid point (i,7,1) as
1+1
Z (dy [Wiz1j-10 + Wic1 jr1,0 + Wis1j—10 + Uit j+1,0]
v=Il—-1
+ by [Wis1p + Wit1 0] + €0 [Wijo10 F Uiji10] F @) = i (5.2)

This stencil expression is illustrated in Figure 5.2. Equations (5.2) corresponds to the

(i+(—1)-Ny+({—1)-N,-N,) —th row in the resulting linear system
Au=f (5.3)

T
CNa-Nu'N= guch that u = [ul o uy,| and f= [fl o iy

z

where u, f €

5.2 Coefficients

Section 5.2 explicitly defines the coefficients of the compact schemes from Chapters 2 and
3. The coefficients follow from multiplying both sides of the linear systems by hi in two-
dimensions and h? in three-dimensions. Recall that &k varies only vertically in the domain,

thus k; ; = k; and k; j; = k; in two- and three-dimensions respectively. For the convection-
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Figure 5.2: FFT Solver 27-Point Stencil

di1

Cl+1
bl+l ,”’/O-C—L——-___--:Q‘“——-_ dl+1
- 141 - Il
O O

dl—i—l - -~ ,::_—_— bl-i—l’/ .-

e e
- "“-—-—%___O,/'

d; 3

bl /,fO“—3—-_____:@_—_—_—_—;

O~ T d
--_O‘““————%___é”/’
di—y
(l}l : o d;
- I B -1
bl—l////,/’ CLZ,1: /,::O_—_—_“‘~——O
P o = G b

diffusion equation, assume that vertical convection is dominant. That is, a = (0,0, a3). Let

Rye = h2/h2, R., = h2/h2 and R., = h2/h2.

5.2.1 Second-Order

Two-dimensions:
aj=hlk?=2(Ry+1), bj=Ryu, az=1, bx1=0

Three-dimensions:
bl - Rz:pa C = Rzyy aj+1 = 17 a; = hzk? —2 (Rzz + Rzy + 1)

dj = dix1 = cjx1 = bjp1 =0
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5.2.2 Fourth-Order

Two-dimensions:

o BBy 5 2k
J 3 3 3
_ 5 Ryw h?/k?il
Gl =5 T T
Three-dimensions:
R.,+1 R,, +1
diz1=0 by = —— ==
I+1 ) I+1 12 ) Cl+1 12 )
R,.,+ R h2k? 1
4 = 22 172y b = =24 ~ (4R., —
: 2 "T T3 TG (4R
h2k? 4
a; = ZQl —g(szJrRzerl)

Convection-Diffusion:

1 a,ghz
boi1=—1(1
1+1 12( + 5

dljzl = 07

2  a?h? ash., 1 ash,
a1 = 5 + —5° - -

(1
3712 T3 6<$2

1
d =5

D (R.. + R.y)

2
b = *Rzz -
73 6

4 h2a?
a; = _g(sz_{'Rzy“‘l)_Zig

5.2.3 Sixth-Order

R., —

1
1 zx) > =— |1
>( + R..) Cl+1 12( T

1
*<R2y+1) ) a =

! 6 6 12
I LR
T2 T2
Wiy 1
= " (4—R,, —
aj+1 12 6 ( sz Rzy)
h2k? 1
1 = 21 - (4 zy — Alzg —
) s C] 12 + 6( R Y R

a32hz) (1+ R.,)

2 1
“R.,— =
Y6

R.,+1
Ry — ¢ (Reat 1)

Recall that in the sixth-order case h = h, = h, = h,.
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Two-dimensions:

a; = —1?? + 412;k32 + ;L; (aa;k:? - k;*) b; = § + h;lgjz
Three-dimensions:
i1 = 310» biz1 = Ct1 = 110 + hQ;gﬂ + 1};30882 L
e — 175 B h2§§ﬂ N gi’ff (1 N h?l;@)
5.3 Solver

Section 5.3 describes a highly parallel direct solver that utilizes FFT. Only the three-
dimensional case is considered, as the two-dimensional solver can be derived through its
inferred similarities. The numerical scheme (5.2) can be presented in block tridiagonal form

written as
Ciu; +Cpup =1
Cm7lul_1 + C’lul + C’p7lul+1 = fl7 for [ = 27 ey Nz -1
Cmn.un,—1 + Cn,uy, = fy,
The nine-diagonal matrices Ci,;, C; and C,; are determined by the coefficients in the pre-

ceding section, their definition follows. If n € Z, let Z be the mapping such that Z(n) is the

n X n matrix with ones in the entries where the indices ¢ and j differ by 1, that is |i — j| = 1.
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For example:

T(4) =

o O = O
S = O =
_— o = O
O = O O

Similarly, let I(n) be the n x n identity matrix. Then
Cing = I(Ny) @ (i1 Z(N,) + a—1I1(N,)] + Z(N,) ® [ci-1L(N,) + di_1Z(N,)]
Cr = I(N,) ® [WZ(N,) + aiI(N,)] + Z(Ny) @ [ei] (N;) + diZ(N,)]
Cpy = I(Ny) @ [br1Z(Nz) + ara I (Ng)] + Z(Ny) @ [cri1 I (Ne) + dip 1 Z(N, )]

5.3.1 Eigenvalues
To develop the eigenvalues and eigenvectors (eigenpairs) of the matrices C,,,;, C; and C,,

consider the following lemmas and theorems.

Lemma 5.1. Let 3] = sin (rmi/(N, + 1)) sin (s7j/(N, + 1)) where 7,7 € {1,..., Ny} and
s,j €{1,...,N,}. Define v, ; = { B e BN By - NJx,NJ . Then v, is an

eigenvector of B = Z(N, - N,) with corresponding eigenvalue \; = 2 cos (mi/(N, + 1)).

Proof. Recall the trigonometric identity 2 sin(«) cos(5) = sin(a— §)+sin(a+ ) [25]. Then
y i ) Y . sy
B =2
18,7 COS(Nx+1)Sm (Nx_{_l)sm (Ny—l—l)
e =1)mi . ((r+ 1wl , sT]
_[SIH<N;E+1 e N, +1 S N, +1

2 i,J
r—1,s + 6r+1,s‘
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Note that 83 ., , = 0= fg%. Thus
Bv. . — g gid 4 gid i.j ij i i.j i.j T_ -
vij = |01 Bii+ 0851 - No—11 T B BNZ,Z + By - No—1,N,| = AiVigj-

Lemma 5.2. Let B = (b,,) € RNe'NoxNe'Ny pe sych that b,,, = 1 when |v — k| = N,
and b,,, = 0 otherwise. Then v;;, as defined in Lemma 5.1, is an eigenvector of B with

corresponding eigenvalue \; = 2 cos (7j/(Ny, + 1)).

Proof. First, observe that

ey mj i T i sy
Nl =2
s = 2 eos (Ny+1>sm (Nx+1>sm (Ny+1>

. [ (s=1)mj . [ (s+1)mj , ri
= [sm <Ny 1 ) -+ sin (Ny 1 )] sin <N:c n 1)

= 5:":{@—1 + 5Z~i+1

Note that 3

J N — QLI
N1 = 0= f,5. Thus

— 17] Z7J Z’J Z’] Z?] ,L’] —
Bv;; = [51,2 Byy o0 Brne BratPBiz oo Nr,Ny_J = Ay ;. n
Theorem 5.1. Let v and \; be an eigenpair of the matriz A; for i = 1,...,n where n €

N such that n > 1. Then > \; is an eigenvalue of the matriz Y. A; with corresponding
i=1 i=1

etgenvector v.

n

Proof. (1221 Ai> vV = i Av = Zn: AV = <Z )\i) v [ |

i=1 i=1 i=1
Theorem 5.2. Let By, By € R™™ forn € N such that n > 1. If (A1, V) and (A2, V) are

eigenpairs of By and By respectively then (A1, V) is an eigenpair of By Bs.

Proof. BlBQV = Bl(BQV) = B1(>\2V) = )\QBlv = /\2)\1V [ |
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Therefore, by the preceding lemmas and theorems, the vectors v; ; as defined in Lemma 5.1

and

Aijp = 4d, cos (Ner 1) cos <Ny+1> + 2b, cos (Nx—i— 1) + 2¢, cos <Ny+1> Ty

where i =1,...,N,, j=1,...,Nyand v =1 —1,1,l + 1, form eigenpairs for the coefficient
matrices C,;, C; and Cp;. Note that any nonzero vector that is a scalar multiple of v; ; also

forms eigenpairs with the eigenvalues above.

5.3.2 Diagonalization

The direct FFT algorithm requires the diagonalization of the coefficient matrices via mul-
tiplication of an orthogonal matrix, specifically the matrix of eigenvectors v; ; after scaling.
The following lemmas show the necessary scaling of these vectors and the orthogonality of

this matrix.

Lemma 5.3. Let 5. = sin (rne/(N, + 1)) where v, € {1,..., N, }. Define
L L L T
Then ||v.]|3 = (v,,v,) = (N, +1)/2.

Proof. Recall the trigonometric identity sin®(3) = (1—cos(23))/2 [25]. Note that exp{ia} =
1 — zntl

n
cos a + isin o where ¢ = v/—1. Also, consider the geometric series 3. 2¥ = 4, " 1 for
k=1 —z

z € C [26]. Then




No+1 1, | 1—exp{2mi) ]
= — —Re .
2um
2 20 [1-exp{y)
, 2ume
Now let ( =1 —exp{2mi} and n =1 — exp {N 1 } Note that

¢ _ Re(Q)Re(n) + Im(Q)Im(n) . Im(¢)Re(n) — Re(¢)Im(n)
U Re(n)? + Im(n)? Re(n)? + Im(n)?

by division of complex numbers. Then

1 —exp{2umi}
2ume
1 —exp {Nl.+1}

_ Re(Q)Re(n) + Im(¢)Im(n)

e Re(n)? 1 Im(n)?

_ (1 — cos(2umr)) - Re(n) — (sin(2er)) - Im(n) _0
Re(n)? + Im(n)*

since ¢ € Z. |

Lemma 5.4. Let v;; be as in Lemma 5.1. Then ||[vi;||5 = (N, + 1)(N, + 1)/4 for i =
1,...,Nyand 5 =1,..., N,

Y-

Proof. Lemma 5.3 gives

No Ny T STj 2
o 2: . .
il £ fon (575 o (575

%I: 9 < T ) %‘: . 9 ST
= sin sin
r=1 NI + 1 s=1 Ny + 1
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:(Ny—l-l)(Nx—i-l). -
2 2
Lemma 5.5. Let v, be as in Lemma 5.5. If 1 # (' then v, and v, are orthogonal.

Proof. First, note the trigonometric identity 2 sin(«) sin(5) = cos(aw — 3) — cos(a + ) [25].

Then suppose ¢ # (/. It follows

— ;gj\; :Re (eXp {W})  fe (eXp {W}ﬂ

= e (S {MT] S [T

B lRe (1 —exp {i(t — )7} 1—exp{i(L+L’)7T}) .

T\ ) e ()

Note that

o:=1—exp{i(t — )7} =1—cos((¢ —")w) —sin((t — ')w) =1 — cos((¢ — "))

vi=1—exp{i(t+ )7} =1—cos((t +)m) —sin((¢t + ')m) = 1 — cos((¢ + ¢')).

and that ¢ — ¢/ is even if and only if ¢ + ¢ is even. Therefore, if + — ¢/ is even then 0 = v =0

. _ !
and (v,,v,) = 0. Similarly, if « — ¢/ is odd, then ¢ = v = 2. Then, let ( = M and
: /
= M It follows,
2(N, + 1)
1 1
(v,,vy) = Re

e {fel) 1-en (5207
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B R PNt o)
(e {52 (1o {522

e exp {75} (exp {555} - ex {5745 })
| exp {C} (exp {=C} — exp {C}) exp {n} (exp {=n} —exp {n})

e exp {72} —exp {377 )
| (exp {—C} — exp {(}) (exp {—n} — exp {n})
e —QZSIH(N +1) 0
2i sin ( m(i—t) ) - 24 8in ( m(i+e) )
L 2(Nz+1) 2(Nz+1)
since 2isin(f) = exp{if} — exp{—if}. |

Lemma 5.6. Let v, ; be defined as in Lemma 5.1. If i # i’ or j # j' then v;; and vy j are

orthogonal.

Proof. Let ol = sin (irm/(N, + 1)) sin (¢'r7 /(N, + 1)) . Suppose j # j'. Then

%y: sin Jsm sin J'sm =
s=1 Ny + ]‘ Ny + 1

by Lemma 5.5. It follows

N Ny jsm j'sm
sz,Vz/j’ ZZ& sm( +1>sin<N +1>
)

r=1s=1
£l ()45
: . N, +1 N, +1
The same can be shown for [ 2 [’ |
Lemma 5.7. Let v;; be as in Lemma 5.1. Define w; ; = ||v;;||"*v; . Let
V= [Wl,l W1 -+ Wy, 1 Wi -°° WNz,Ny} € RN=NyxNa-ly

Then V is an orthogonal matrizx.
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Proof. Let V be as defined above. Then

VTV — VT [Wl,l W2,1 Ce WNm,l W1,2 e WNryNy:|
= |:VTW171 VTWQJ e VTWNZJ VTWLQ s VTWNI,NJ
<W1,1, W1,1> <W1,1> W2,1> T <W1,17 WNI,Ny>
B <W2,17W1,1> <W2,17W2,1> 7
<WNx,Ny7W1,1> <WNx,Nya W2,1> ce <WNx,Nya WNx,Ny>
by Lemmas 5.5 and 5.6. [

Theorem 5.3. Let \; and v; fori = 1,...,n be eigenpairs of B € R"*"™ where n € N. If

V= [Vl Vn} is orthogonal then VI BV = A is the diagonal matriz [)\1 )\n] I.
Proof. BV = [Bvl an} = {Alvl )\nvn} =VA [ |

Let V be the orthogonal matrix from in Lemma 5.7. Also, define w; = V71w, Ay =

VTCmJV, A = VTCIV and ApJ = VTOpJV. Then

Crwi—y + Cruy + Cpugyy = 1,
VIC, VVTa  +VICVVTu +VTC, VVTu,, = Ve,

Apywig + Aywy + Ay Wi = f, (5.4)

wherel =2,...,N,—1 and E = VTf,. The cases for [ = 1 and [ = N, are very similar. Note
that A,,,;, A; and A, ; are diagonal matrices of eigenvalues by Theorem 5.3, which yields N,-N,,
independent linear systems. The systems can be solved using the LU decomposition of the
generated tridiagonal matrix with O (NNV,) computational complexity. The computations in

the solution are independent with respect to both the x and y directions of the computational
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domain. Therefore, the computations can be parallelized with respect to the either direction.

Prior to solving this system, f,=VTf for | = 1,..., N, must be found.

5.3.3 Finding the DST with FFT

Subsection 5.3.3 discusses the computation of the transformed right-hand side V7f;. Note
that VT € RNeNyxNaNy and f; € RN+ Nv, Therefore, the computational complexity of the
matrix vector multiplication of V'f; is O (Nx2 . NyQ). The calculation is required for each
f; where [ = 1,..., N,. Transforming the right-hand side in this manner is not ideal even

on modern computers. The following definitions provide tools to reduce the computational

complexity.
T
Definition 5.1. The discrete sine transform of the vector x = |xy ... xn} e C" s
~ T
given by DST(x) = {xl xn} where

N o Kiw
T = ;sm <n+ 1) X
for ke {1,...,n} [27].

Thus f, = VTf, is simply the DST of f; in both the x and y directions. The subsequent

definition utilizes 1 = v/—1 and 7 is not an index.

Definition 5.2. The discrete Fourier transform of the vector y = [yl yn}T eCn
~ . T
is given by y = [yl . yn} where
. " —2mi(l —1)(k —1
ykzzeXp{ = 1X >}yz
=1 n
" 2r(l —1)(k—1 2r(l—1)(k —1
=> [cos( m(l — 1)(k )> —isin( m(l = 1)k )ﬂ Yy
Pt n n
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for ke {1,...,n} [27].

Lemma 5.8. Letx € C" andy € C*" 2. [fy = [O x' 0 - O}T then X = —Im (Yo.pi1)
where X is the DST of x, y is the DFT of y and —Im (Ya.nt1) s the negative of the complex

part of the vector elements in'y from the second entry to the (n + 1)-st entry.

Proof. Let N =2n+2, then 2/N = 1/(n+1). Define y1 = 0, Y12 = Ynig =+ = Yoo =0

andyy=x;, 1 forl=2,...,n+1. Thenfork=1,...,n

Zm( kin )xl

Lemma 5.8 shows that computing the DST of a vector is equivalent to computing the
DFT of a particular extension of that vector. The DFT can be computed using the FFT.
Let F'/F'T, and FF'T, be the FIF'Ts in the x and y directions respectively. Then E =VTf =
FFT, (F FT, (fl)) where f; is the appropriate extension of f;. The computational complexity

of finding f; is reduced to O (N, - Nylog (N)) where N = max{N,, N,}.
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5.3.4 Block Tridiagonal Solver
To illustrate the process of the block tridiagonal solver, the LU decomposition of the diago-

NyxNa-Ny he the diagonal matrices of eigen-

nalized system is required. Let Aj, A, , Ay € CNe
values as in (5.4). The decomposed matrix is then of the form A = LU € CVe Ny NexNa-Ny- Nz

given explicitly as

A1 Ap,l 1 Ul Ap,l
Am,2 Ay Ly 1 Us

Ap)NZ_l ." .'. ... Ap’Nz_l
Am,NZ ANz LNz 1 UNz

where Uy = Ay, Lip1 = N Uz_l and Upyy = Ajpy — LAy forl=1,...,N, — 1. Asa
diagonal matrix with nonzero entries, U; " is easily found.

After transformation, the system (5.3) can be written f = Aw = LUw where w is the
transformed solution vector u as in (5.4). The tridiagonal linear system can be solved by
first finding y in Ly = f and then solving for w in Uw = y. The vector y = [yl .o YN !
is such that y, = f; and y; = f; — L;y;_1 for [ = 2,..., N,. The computations are clearly
dependent in the z direction but there is no dependency in the x and y directions. The same is
true for computing w = |wy; ... wp, g were wy, = UﬁzlyNZ and w; = Ufl (1 — Apiwig)
for =N, —1,...,1. The method is therefore highly parallel.

The solution vector u is simply the reverse transform of w, that is u; = Vw, for [ =
1,...,N,. As seen in the previous subsection, this matrix vector multiplication is equivalent
to calculating v, = Vw, = FFT,(FFT,(W;)) where W, is the appropriate extension of

w;. The computational complexity of calculating u; from w; is O (N, - N,log (N)) where

N = max{N,, N,}.
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5.3.5 Sequential Algorithm

Subsection 5.3.5 gives the algorithm for approximating the solution to (1.1,1.2) under the
assumptions of Chapter 5. As shown in the preceding subsections, the process involves
transforming the right-hand side, solving the resulting block tridiagonal system, and then

reversing the transformation of the solution. Algorithm 1 details the solver.

Algorithm 1 FFT Solver

1: for/=1,...,N, do

2: 2D forward DST of the RHS in x and y directions

3: end for

4: for j=1,...,Ny;i=1,...,N, do

5. Solve the tridiagonal system using LU decomposition
6: end for

7. forl=1,...,N, do

8: 2D inverse DST of the solution in x and y directions
9: end for

In the C implementation of this algorithm and all those that follow, MIT’s standard
open-source C library FFTW [15] is used to compute the required fast Fourier transforms.
The most computationally expensive sections in the FFT solver are these forward and re-
verse transformations with computational complexity O (N, - Nylog (N)). Consequently,
the transforms are the primary concerns for reducing the solver’s wall-time in the parallel

implementations.

5.4 Parallel Implementations

Section 5.4 provides a detailed examination of the parallelization of the developed direct
FFT solver. The three-dimensional algorithm is provided and implies the necessary steps for
the two-dimensional case. As stated in the introduction, the objective of computations in

parallel is to reduce wall-time through evenly-distributed simultaneous processes. When im-
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plemented correctly, wall-time is inversely related to the number of processes. OpenMP and
MPI are the preferred libraries that facilitate computations in parallel and implementations

of each are described below.

5.4.1 OpenMP

OpenMP provides a relatively simple implementation and excellent reduction in computa-
tion time, although speed-up is limited by the restriction to a single computer, or node.
Algorithm 2 shows how OpenMP integrated into the direct FF'T solver parallelizes the com-
putations. Recall that the required forward and reverse transforms are independent with
respect to z. OpenMP divides these DST computations as evenly as possible among the
available processes. The solution of the tridiagonal system is independent in both the x
and y directions and therefore the iterations of both loops are evenly distributed among

processes.

Algorithm 2 OpenMP Parallel FF'T Solver

#pragma omp parallel for
for(=1,...,N. do

2D forward DST of the RHS in x and y directions
end for
#pragma omp parallel for collapse(2)
forj=1,...,Nys;i=1,...,N, do

Solve the tridiagonal system using LU decomposition
end for
#pragma omp parallel for
for/=1,...,N, do

2D inverse DST of the solution in x and y directions
: end for

el e
N2

A benefit of OpenMP is that it automatically distributes the work evenly among the
processes, although this default operation consumes additional time. Manual division of
iterations among processes is also an option. While desirable results were achieved with
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the automatic division, a manual division was tested to improve the speed-up. After several
experiments with various grid sizes and number of processes, no significant improvement was
achieved. Therefore, all the results provided utilize the default division.

Another strategy was considered to improve performance. As seen in Algorithm 2, paral-
lelization of the two-dimensional DST is possible. The transform is computed by finding the
DST of all rows in the x direction and then all rows in the y direction as illustrated in Sub-
section 5.3.3. This permits the computations to be divided in either direction. A function
in the FFTW library that accomplishes this with OpenMP is FFTW multi-threading [15].
The method was compared to the method of Algorithm 2, but no performance improvement
was found. FFTW multi-threading is used in the hybrid implementation.

Despite the lack of benefit through the manual division of process iterations or par-
allelizing the two-dimensional DST, the OpenMP implementation demonstrates excellent,
near-linear speed-up in wall-time. The speed-up was observed on both a multi-core personal
computer and the single node of a cluster [16]. The solver is the ideal parallel tool in cases

where the computational grid size does not overload the RAM of the machine.

5.4.2 MPI

MPI, the standard for communication between processes, has the capacity to utilize RAM
across multiple nodes required for large-scale computational grids. The MPI implementation
allocates the minimal memory required on each process’s available memory. This allocation
method enables the ability to run much larger computational grids as the program is no
longer limited by the memory of a single node. Each process independently runs its own

copy of the program on its assigned portion of the computations. The process passes mes-
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sages, or transfers data, when necessary. Algorithm 3 outlines this procedure. However,
communication time grows with the number of processes and can shrink the reduction in

wall-time gained by utilizing more nodes, preventing a linear speed-up.

Algorithm 3 MPI Parallel FFT Solver

: Find start,, start,, end, and end, using the process rank
: for [ = start,,...,end, do
2D forward DST of the RHS in x and y directions
. end for
. Transfer data via MPI to the appropriate processes
for j = start,,...,end,; 0 =1,...,N, do

Solve the tridiagonal system using LU decomposition
: end for
. Transfer data via MPI to the appropriate processes
. for [ = start.,...,end, do
2D inverse DST of the solution in z and y directions
: end for

© 0 N D U W N

— = =

A major difference from the OpenMP implementation is the entire MPI program must
be parallelized, including the LU decomposition. Parallelization is required as the L and U
arrays are the length N, - N, - N, which requires a large amount of memory for large grid
sizes. To successfully run on multiple nodes, each node needs only the necessary parts of the
arrays.

Figure 5.3 gives a graphical example of the transfer of data via MPI. For ease of illus-
tration, the figure assumes the use of three processes. The first step shows how the domain
is divided as evenly as possible among the three processes with respect to the vertical, z
direction. The forward transform is computed here since the calculations do not depend on
z. Once the DST of the right-hand side is computed, certain subsets of the domain need
to be sent to different processes as the tridiagonal solver is dependent with respect to the

z direction. The second step illustrates the subdomains that need to be sent and received
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among processes. Note that the subdomains along the diagonal will not be sent as they
currently reside on the appropriate process. The third step shows the sections of the domain
assembled on the appropriate process after receiving the messages sent in the second step.
Now the domain is divided as evenly as possible among the processes with respect to the y
direction so that the tridiagonal solver can be calculated in parallel. The fourth step is sim-
ply the reverse of step two. The fifth and final step has the domain divided with respect to
the z direction and can now calculate the reverse transform providing the numerical solution.

The MPI implementation demonstrates excellent, near linear wall-time speed-up on a
multi-core personal computer and across multiple nodes in a large cluster [16]. This imple-
mentation’s capabilities are immense, however it does have a limit. The number of MPI
processes can not exceed min{N,, N, }, otherwise there would be processes with no work to
do. This can be seen in the division of the for-loops in Algorithm 3. This bound on the

number of processes is increased with the method described in the following subsection.

5.4.3 Hybrid

Subsection 5.4.3 presents a hybrid implementation of both MPI and OpenMP. The hybrid
approach is not limited to a single node like the OpenMP implementation, nor is it limited to
min{/N,, N, } processes as in the strictly MPI version. The hybrid method uses MPI to access
different nodes on a cluster, then OpenMP to utilize the processors on each node. Algorithm
4 outlines the implementation of this method. MPI is used in the same way as before, but
now an MPI process is considered as an entire node. On the forward and reverse transform
steps OpenMP is used by FFTW multi-threading as described earlier in this section. The

tridiagonal solver utilizes OpenMP by dividing the work in the z direction.
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Figure 5.3: 3D Transfer of Data Between MPI Processes
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Algorithm 4 Hybrid Parallel FF'T Solver

e e ol
B~ w Y = O

Set up multi-threaded FFTW
Find start,, start., end, and end, using the process rank
for | = start.,...,end, do
2D forward DST of the RHS in x and y directions with multi-threading
end for
Transfer data via MPI to the appropriate processes
#pragma omp parallel for
for j = start,,...,end,; 1 =1,...,N, do
Solve the tridiagonal system using LU decomposition
end for
. Transfer data via MPI to the appropriate processes
. for [ = start.,...,end, do
2D inverse DST of the solution in z and y directions with multi-threading
: end for
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The hybrid implementation demonstrates wall-time speed-up across multiple nodes in a
large cluster. Its reduction in computation time is further from linear than the strictly MPI
implementation. The lack of linear speed-up, however, is overshadowed by the ability of the
hybrid approach to scale much farther by use of significantly more processes and memory.
The largest successful test was run on an impressively large computational grid of 40963. The
hybrid implementation completed this in just 27.52 seconds while the strictly MPI version

required 445.80 seconds [16]. Further numerical tests with more detail are forthcoming.

5.5 Summary

Chapter 5 presented a highly parallel FFT solver and the required restrictions for such a
solver. Parallel implementations in OpenMP, MPI and a hybrid structure were described
in detail. Chapter 6 presents a novel generalized eigenvalue solver capable of solving the

Helmholtz equation with Sommerfeld-like conditions on all boundaries.
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6 Direct Generalized Eigenvalue Solver

To solve the inclusion problem with Sommerfeld-like conditions on all boundaries, a more
versatile solver is needed. Chapter 6 presents such a solver that is direct and parallel. The
boundary assumptions of the previous chapter are lifted, and Sommerfeld-like conditions are
now considered on all boundaries. Three cases are considered starting with constant k. The
cases where k varies only vertically and in all spatial directions will follow. Chapter 6 focuses

on the three-dimensional case, but the two-dimensional case is nearly identical.

6.1 Uniform Medium

Assume k is constant, then the discretized system can be written as

(Aa + aaBa) u; + (1 + Ba) Bau2 - fl
Baul,l—i—AauH—BaulH :fl for l:2,...,NZ— 1

(1 + 5(1) BauNz—l + (Aa + aaBa) uy, = sz

where A,, B, € CNe'NyXNa'Ny are generated from the 27-point stencil given in Chapter 3.
Also, «a, and f3, are the appropriate coefficients from (4.5), (4.7) or (4.8) depending on the
order of approximation. For the development of this algorithm and those that follow, the

matrix B, is assumed nonsingular. Left multiplying by the inverse of B, gives

(Bi'Ag+ aal) wi + (1+ Bo) wz = B 'y
ul,l—i—B;lAaul—i—ulH:Bglfl forl=2,...,N,—1

(1 + 6(1) uszl + (B;lAa + Oéa[) uNz — B;lsz.

73



CNaNyxNa-Ny is the diagonal

To diagonalize this system suppose A,S = B,SA, where A, €
matrix of eigenvalues of B;'4, and S € CN=Nv*Ne'Ny g the matrix of eigenvectors. It

follows,

Ao+ ) Wi+ (1 + B)we =16
Wl_l—f—Aan—i-WH_l:E fOl“l:2,...,NZ—1

(1 + Ba) Wn,—1+ (Aa + aa[) Wy, = /sz

where w; = S~lu; and f, = S™IB; ', for l = 1,..., N,. This diagonalization yields N, - N,
independent linear systems. These systems can be solved using the LU decomposition of
the generated tridiagonal matrix with O (NN,) computational complexity. Therefore, this
solver is structured similar to the FF'T Solver. The calculations required for the forward
transform of the right-hand side, f for [ = 1,..., V., are independent with respect to the z
direction and hence can be parallelized. The same is true for the reverse transform of w;.
The calculations required to find w; via LU decomposition are independent with respect to

the x and y directions and can be parallelized.

6.2 Air and Soil Medium

The previous section’s solver is highly parallel, but it is limited to constant k applications.
Section 6.2 loosens this assumption and considers the case of k varying in the vertical direc-
tion. In three-dimensions this gives k(z,y, z) = k(z). More specifically, k varies according
to a domain with air and soil. Let £, be the coefficient in the air and &, be the coefficient in
the soil, which are constant. Define Ny as the vertical index that is the last to contain the

air coefficient k,. Air and soil coefficients and the vertical index are illustrated in Figure 6.1.
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Figure 6.1: Vertical Cross-Section of Air and Soil Domain

-------------------------------------- «~1

«— Ng
«~Ns+1

« N,

The resulting discretized system is written as

(Aa + aaBa) u; + (1 + ﬂa) Bau2 = fl
Bou 1 +Aw+ B =1 forl=2...,N;
Baul_1+Agul—|—Bgul+1:fl forl=N,+1,...,N,—1

(1+8y) Bgun. 1+ (Ag + agBy) un, = fy

z

where A,, By, Ay, By, € CNeNoxXNe'Ny are generated from the 27-point stencil as before, but
differ by the coefficients k, and k,. Similarly, a,, 8., oy and 3, are the appropriate coefficients
from the boundary conditions and only differ by k, and k,. Left multiplication of B, for

I=1,...,N,and B, for | = Ny +1,..., N, gives

(Ba_lAa + OéaI) u; + (1 + ﬁa) Uy — Ba_lfl
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u;_1 + B;lAaul + B;lBgulH = B;lfl for [ = 2, e Ns
B,'Bawi_y + B 'Aguwy + iy = B forl=N,+1,...,N, -1

(1+ By)un.1 + (By ' Ay + agl ) uy. = B, ..

Now suppose A,S = B,SA, where A, € CNeNoXNa-Ny g the diagonal matrix of eigenvalues

and S € CNeNMyxNe'Wy g the matrix of eigenvectors. Similarly, suppose A4,R = B,RA,.

Then, define

w, =Sy fori=1,...,N,
w,=R ‘' forl=N,+1,...,N,
f,=5"'B;'f, forl=1,...,N,

f=R'B'f, forl=N,+1,...,N..
Left multiplication of S=! for I =1,..., Ny and R~ for { = N, +1,..., N, gives

(Aot aad) w1+ (1+ B)wa =
Wl_1+Aan—|—wl+1:E forl=2,...,N,—1
WN.—1 + AWn, + MWy, 11 = fNS
MWy, + AgWh 41+ Wi g2 = Eno
wl,1+Agwl+wl+1:E forl=N,+2,...,N,—1

(L4 Bg) w1+ (Ag + gl ) Wy, = sz
where M = S™'B'B,R. To solve this transformed system, assume that

Wl:Da,lWl+1+Pa,l fOI‘lzl,...,Ns—l
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Wl:Dg,lWlfl"i‘pg,l forl=N,,...,Ng+ 2.
Consider first [ = 1,..., N;. When [ = 1 the boundary conditions give the following

fi = (Mo + ) wi 4 (14 5,) wo
Wi = — (Aa + aal>_1 (1 + 6{1) wa + (Aa + aaI)_l /fl

wi = D, 1we + Py 1
where Dy = — (14 fa) (As + ozaf)_1 and P,1 = (A, + aa])_l f,. For the remaining layers
in the air, that is [ = 2,..., Ny, — 1, it follows
f=wii+ AW, + Wi
?l = (Ao + Dag—1) Wi+ Py + Wi
W, = — (Aa + Da,l—l)_l Wil + (Aa + Da,l—l)_l (f\l - Pa,l—l)
Wy = Dg w1 + Py
where D,; = — (A, + Davl_l)_l and P,; = (A, + Da7l_1)_l (E — Pa,l—1)- Similarly, in the
opposite direction the lower boundary, [ = N,, gives

?Nz =1+ pBy)wn,—1+ (Ayg+ agl) wy,

W,

z

= ngNzWNZ*l + szNz

where Dy n. = — (14 8,) (Ay+ al) " and P,n. = (Ay+a,I) ' fy.. Finally, for the re-

maining layers in the soil, that is [ = N, —1,..., Ny + 2,

fi=wi_1 +Agwi + Wiy
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w; = Dy iwi_1 + Py

where Dy, = — (Ay + Dg,lﬂ)_l and Py, = (A, + Dg,lﬂ)_l (E — Pg,lﬂ). The only two layers

remaining are

WNS—l + AaWNS —|— MWN5+1 = fNS

M 'wy, + AW, 11+ W42 = fv 41
A similar substitution with these layers gives

Do n,—1Wn, + Py n,—1 + AgwWn, + MWy, 4 =y,

—1 -
M= wy, + Agwn 11 + Do no+2WN, 11 + Py no2 = 41

producing the following two by two block system

(Do n,—1+ Ay) M WN, | _ A?NS — Pun,—1
M <D97N5+2 + Ag) WN,+1 fN5+1 - Pa,N5+2

Aw, =1, (6.1)

where A, € C?NeNyX2Ne'Ny and wy, f, € C*» M. The system (6.1) can be solved with
LU decomposition giving wy, and wy, 1. Note this is not the block LU factorization de-
scribed for the FF'T solver or the generalized eigenvalue solver for constant k. The remaining

transformed solution, w; for [ =1,..., Ny—1and [ = Ny+2,..., N,, is found by computing

W, = Da’lwl+1 -+ PaJ for [ = NS —1

g ey

Wl:Dg,lWlfl"i‘pg,l forl=Ns+2,...,N,.
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Figure 6.2: Generalized Eigenvalue Solver Design
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This process is illustrated in Figure 6.2. Note the necessary calculations are independent with
respect to the vertical direction and hence can be computed in parallel with the exception

of the solution of A,w, = f..

6.3 Air and Soil Medium with Subsurface Inclusion

In Section 6.3 the assumptions of Chapter 5 are completely lifted. That is, Sommerfeld-
like conditions are now considered on all sides, and k£ can vary in all spatial directions.
Specifically, k£ will vary as illustrated by Figure 6.3 with air, soil and a subsurface inclusion.
Again, N, is the vertical index that is the last to contain the air coefficient. Define N, as

the first vertical index after the inclusion. Then the system is written

(Aa + aaBa) u; + (1 =+ 5(1) Bau2 = fl
Buw 1+ Aw+Bw, =1 forl=2,... Ny—1
B,uy,—1 + Asun, + By,un,+1 = £,

Clul_1+Alul—i—Blul+1:fl fOl"l:Ns—i‘l,...,NT—l
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Figure 6.3: Vertical Cross-Section of Air and Soil Domain with Subsurface Inclusion
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CNruNr_l + AguNr + BguNr+1 = fNr
Byu, 1 +Auw + Byu =1 forl=N,+1,...,N, -1

(14 8,) Byun,—1 + (Ag+ oyBy)un, = fy

z

where A,, B,, A, and B, are as defined in the previous section. The matrices C;, A;, B; €

CNeNyxNa-Ny are generated from the general 27-point stencil. Suppose 4,5 = B,SA, where

A, € CNa-NyxNe'Ny is the diagonal matrix of eigenvalues and S € CNe-My*Ne'Ny jg the matrix

of eigenvectors. Similarly, suppose AjR = B;RA,. Define

w, =Sy forli=1,...,N,
Wl:R_lul fOI‘l:NT,...,Nz

f,=S5"'B;'f, forl=1,... N,
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f=R'B'f, forl=N,...,N..

The system above can now be partially diagonalized. Multiplying this system by B! for

the air layers and B, ! for the sub-inclusion layers gives

(Aw + agl) wy + (1 + B,) wy = £
w1+ Aw +w =1 forl=2,... Nyg—1
Wn,—1 + AoWn, + Maupy, 41 = fy
Cwy_1+Aw+Buy,=1f forl=N,+1,...,N,—1
Mgouy, 1+ AWy, +wy, 11 = fy
Wl,l—l—AgWH—WlH:E forl=N,+1,...,N,—1

(14 By) Wn. 1+ (Mg + apl) wy, = f,

where M, = S™'B;'By, and M, = R_IBQ_ICNT. All layers excluding those from [ =

Ny, ..., N, are fully diagonalized. To solve this partially transformed system assume that

Wl:Da,lWl+1+Pa,l fOI“lzl,...,Ns—l

W, ZDg’lWl_l—FPg’l for [ = Nz,...,NT—Fl.

Then the transformed solution is found the same way as in Section 6.2, but only for those
layers in the air and soil beneath the inclusion. The matrices D,; and P,; are defined

identically to those in Section 6.2. The only layers remaining are

wn,—1 + AeWn, + Myun, 41 = fy

S

Clul_l—l—Alul—l—BlulH:fl fOl"l:Ns—f—l,...,Nr—l
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MguNT,1 + AgWNT + WN,.+1 = fNr'

These layers form the block tridiagonal system A,w, = f, given explicitly by

WNS
Da,Ns—l +Aa Ma Un,+1
Cne+1S AN Bnoy uy, 42

CNn,+2 ANz B2 uny, +3

CNT72 ANT72 By, 2 Uun, -3

Cn.—1 An,—1 By, R uy, 2
L My Dgn.v1+Ag] |un, 1
L WN, |

fn, — Pun,—1
fn 41
fn 1o

fn, 2
fn, 1

N, — Pyno41]

where A, € CNNeNyxN-Na-Ny and wy, f, € CV YNy with N = N, — Ny + 1. Once the
system (6.2) is solved via LU factorization, the remaining transformed solution, w; for [ =

l,...,Ng—1land =N, +1,..., N, is found by calculating

Wl:Da,lWlJrl_'_Pa,l forl=N,—1,...,1

Wl:Dg,lWlfl‘FPg,l forl=N,+1,...,N.,.

This process is similar to that illustrated in Figure 6.2, except that Ay is larger, including
up to the first layer past the inclusion. The necessary calculations are independent with

respect to the vertical direction and can be computed in parallel except for the solution of

Aw, =f1,.
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6.4 Parallel Implementation

Section 6.4 provides the detailed parallelization of the developed direct generalized eigenvalue
solvers presented in Chapter 6. The focus is the three-dimensional algorithm, but bears
similarities to the two-dimensional algorithm. As in Section 5.4, the goal of implementing
parallel algorithms is to observe a reduction in wall-time by dividing the computations as
evenly as possible among the available processes.

First, consider the case given in Section 6.1, where k is constant and Sommerfeld-like
conditions are considered on all boundaries. The structure of this solver is nearly identical to
that of the FFT solver and hence can be parallelized in the same way with OpenMP and MPI
as described in Section 5.4. The OpenMP parallelization of the process is shown in Algorithm
5. The transforms of the right-hand side f and transformed solution w are independent with
respect to the vertical direction, the z direction in three-dimensions. Consequently, these
calculations are divided among the processes with respect to the vertical layers. The solution
of the tridiagonal system is dependent in the vertical direction and independent otherwise.
Therefore, the computations can be divided with respect to the x and y directions. In a
distributed memory environment, the appropriate data transfer needs to take place between

the transform steps and the tridiagonal solver, as described in Subsection 5.4.2.
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Algorithm 5 Parallel Generalized Eigenvalue Solver for Constant &

1: #pragma omp parallel for

2: forl=1,...,N, do

3 f,=S5'B'f

4: end for

5: #pragma omp parallel for collapse(2)
6: for j=1,...,N,;;i=1,...,N, do
7:  Solve the tridiagonal system using LU decomposition
8: end for

9: #pragma omp parallel for

10: for(=1,...,N, do

11: u, = Swy

12: end for

The algorithms presented in sections 6.2 and 6.3 are similar. The key difference is the
number of layers included in A;w, = f,. As a result, only the parallelization for the solver
in the case with an inclusion is described here. The case for a strictly air and soil medium
is given by the Algorithm 6 by assuming N, = Ny + 1.

The matrices D,; and D,; for | € {1,...,Ny, — 1,N, + 1,...,N,} are computed as
preliminary steps to the direct solver. Their computations are parallelizable as there is no
dependency with respect to the vertical direction. Additionally, the matrices M,, M, and the
LU factorization of A, are computed preliminarily. The sequential solver is shown in Algo-
rithm 6. However, it is easily parallelized with OpenMP by including the directive,*#pragma
omp parallel for” prior to each loop. This OpenMP implementation is highly parallel and
a powerful alternative to iterative methods. MPI can be used to parallelize the loops with

data transfers before and after the solution of A;,w, = f.
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Algorithm 6 Parallel Generalized Eigenvalue Solver for Air and Soil with Inclusion

1: forl=1,...,N; do

2 £, =SB

3: end for

4: for = N,,...,N, do

5. f=R'B'f

6: end for

7. Poy= (Ao + ozal)_l?l and Py n, = (Ay + ozg])_lsz
8 forl=2,...,Ny—1do

9 Puy= (A, +Doy1)”" (fl - Pa,l—l)
10: end for

1: forl=N,—1,...,N, +1do

12: PgJ e (Ag + Dg’l_l)_l (fl — Pg,l+1)
13: end for

14: Solve the A,;w, = f, with previously computed LU decomposition
15: for (=N, —1,...,1do

16: w; = Dy Wi + By

17: end for

18: for (= N,.+1,...,N, do

19: W, = Dg,lwl—l + PgJ

20: end for

21: forl=1,..., N, do

22: W = Sw;

23: end for

24: for [ = N,,...,N, do

25: u; = Rw;

26: end for
6.5 Summary

Chapter 6 provided a detailed explanation of the generalized eigenvalue solver. Parallel
algorithms for both constant and variable wave numbers were developed. Chapter 7 presents

a detailed explanation of the three steps of the partial FF'T solver.
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7 Direct Partial FFT Solver

Chapter 7 presents an approach that combines the high parallel efficiency of the FF'T solver
and the versatility of the generalized eigenvalue solver. While both are independently im-
pressive, the combination of the two into a novel partial FFT solver provides even faster
solution time than the generalized eigenvalue solver. A similar partial FFT approach was in-
troduced for the simplified case of constant k£ by Toivanen and Wolfmayr [10]. As before, the
focus remains on the three-dimensional case, but the two-dimensional case can be inferred.

Consider the matrices A, B € CNeNu-NaxNe-Ny'Nz - Tot A be the matrix formed by the
discretization described in Chapter 3 with Sommerfeld-like conditions on all boundaries.
Also, let u, f € CY="Nv'N= he such that f is the right-hand side formed by the discretization
and u is the numerical solution. The problem at hand becomes Au = f. Let B be the matrix
formed by the same discretization but restrict £ to exclude the inclusion and only included
Sommerfeld-like conditions on the top and bottom boundaries with respect to the vertical
direction.

To present these matrices explicitly assume k is constant. If n € Z, let I(n) and Z(n) be
defined as in Chapter 5. Then define T" as the mapping such that 7'(n) is the n X n matrix
with ones at (1,1) and (n,n) and zero otherwise. Similarly, let 7 (n) be the mapping such

that 7 (n) is the n X n matrix with ones at (1,2) and (n,n — 1) zero otherwise. For example:

and T (4) =

o O O O
— o O O
o O OO
S OO -
_ oo O O
o O OO

0
0
0
0
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Consider the matrices D, 44, Fyap € CN=*Ne such that

Dyap = aI(N,) + bI(N,)

where a, b € C and a,, 3, € C are the boundary coefficients from Section 4.2 in the z

direction. Then let D,, D, € CN=Nv*Ne'Ny he such that

Dy - ](Ny) ® Dz7a1,b1 +I(Ny) & DZ,Chdl

Dy = I(Ny> ® Dm,az,b2 + I(Ny) ® D$,027d2

where ay, by, c1,dy, as, by, ca, dy € C are coefficients from Figure 5.2 at layer [ = 1 and oy, 5, €
C are the boundary coefficients from Section 4.2 in the y direction. To include the Sommer-

feld-like conditions in the z and y directions consider D,,, D,, € CN=Nv*Ne Ny where

Dﬂﬂy = I(Ny) ® [Dr,al,bl + Eﬂf,b1] +I(Ny) ® [‘Dx,chdl + Eﬂﬂ,d1]
+ ayT<Ny> ® [D-%Cl,dl + Eﬂf,dl] + ByT(Ny) ® [Dw,chdl + Eﬂc,dl]
ny = [(Ny> ® [Dw,az,bz + Em,bz] + I(Ny) ® [DI,CQ,dz + Ex,dz]

+ OéyT(Ny) ® [DI,CQ,dQ + El‘,d2] + ByT(Ny) ® [DI,C27d2 + Ex,dz] .

Then the matrices A and B are given by

A=1(N,)® D,y +Z(N,) ® Dyy + @, T(N,) @ Dyy + B.T(N,) @ Dy

B=1I(N,)® D, +Z(N,) ® Dy, + o.,T(N,) ® D, + 5. T(N.) ® D,

Therefore, in the case of constant k the matrix C = B — A € CNe Ny NaxNaNy-Ne g yastly

sparse. Differing only at the positions necessary for the approximation of the Sommerfeld-like
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boundary conditions. This difference also exists in the case of k£ varying in only the vertical
direction. If k& contains inclusions, C' will also contain nonzero elements corresponding to the
location of the inclusion. The sparse nature of C' is the defining characteristic that will be
taken advantage of in the partial FFT solver. Any matrix equation of the form Bx =y can
be solved utilizing the FFT solver given in Chapter 5, while Ax = y requires the generalized
eigenvalue solver from Chapter 6. Algorithm 7 outlines the general process of the direct

partial FFT solver.

Algorithm 7 Partial FFT Solver

1: Solve Bx = f via FFT solver for only the necessary components of x

2: Solve Ay = Cx via generalized eigenvalue solver for only the necessary components of
y, where y =u — x

3: Solve Bu = f + C'(x +y) for the entire numerical solution u

The first step in Algorithm 7 could be solved with the FFT solver to find the full vector
x; however, only a small portion is needed as Cx is vastly sparse. Only the elements of
x that are necessary for the matrix vector multiplication, C'x, are transformed back using
the DST. Step two is similar; the number of calculations necessary for the transform of
the right-hand side, Cx, is drastically reduced, and only the necessary elements of y are
calculated. Additionally, the final step has a reduced number of computations. Since the
DST of f was already computed in step one, only the nonzero elements of C(x +y) need be
transformed. This procedure solves the entire system but can utilize the FF'T solver making

it highly parallel. These steps are examined in detail in Section 7.1.
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7.1 Computation Reduction

Section 7.1 provides detail in the reduction of computations achieved in the Partial FFT
Solver. Each step in Algorithm 7 will be examined illustrating how the use of the FFT
solver, in combination with, the generalized eigenvalue solver can reduce the total num-
ber of required computations after minor modification. The generalized eigenvalue solver
has a computational complexity of O (ng . Ny2 . NZ) while this partial FFT solver is only
O (N, - Ny - N,log (N)) where N = max{N,, N, }. These operation counts are based on the
case for constant k.

The two solvers presented in Chapters 5 and 6 have a similar structure. The right-hand
side must first be transformed, but the FFT solver transformation is by a DST calculated
via FFT rather than multiplication by the matrices of eigenvectors as in the generalized
eigenvalue solver. In the remainder of Section 7.1 both these right-hand side transformations
will be referred to as the forward transform. After the forward transform, both the FFT
and generalized eigenvalue solvers compute the transformed solution. The solution is then
transformed back to the original space. This will be referred to as the reverse transform. The
algorithms provided in Section 7.1 are reductions of the algorithms given in Chapters 5 and
6. No calculation dependencies are introduced, and therefore, the parallel implementations

provided in Sections 5.4 and 6.4 still apply.

7.1.1 Step One
The first step in the partial FFT solver is to solve the auxiliary equation Bx = f. However,
looking ahead at step two shows that the entire vector x is not needed since x is multiplied

by the vastly sparse matrix C. Only the elements of x necessary to compute C'x are found.
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Figure 7.1: 2D Matrix Sparsity Example

To illustrate this concept, consider the simple case in two-dimensions where N, = 5 and
N, = 3. Then the matrix C' € C** contains only 12N, — 8 = 28 nonzero elements with
only four in the first and last rows of each N, layer. Figure 7.1 illustrates this matrix and the
product Cx. The elements shown in red in the vector x are not utilized in the multiplication
and can be omitted. In application, /N, and N, are significantly larger and the number of
omitted elements is given by (N, — 4)N,,.

The three-dimensional case further benefits from the sparsity of C'. The matrix C' con-
tains only (12N, — 8)N, — 2(12N, — 8) nonzero elements and x € CNe"Nv'N= needs only
4N, - N, elements to conduct the multiplication Cx, that is (N, —4)N, - N, can be omitted.
Therefore, in step one the necessary computations can be reduced in the FFT Solver as
shown in Algorithm 8. Calculating the partial solution of Bx = f the entire transformed
right-hand side, f, must be computed. The transformed solution is then computed, but only
the 4N, - N, elements necessary to compute Cx are transformed back via DST. This re-

duces the computational complexity of the reverse transform to only O (N, - N, log (N)) from
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O (N, - Ny - N,log(N)) where N = max{N,, N,} as the DST is calculated via FFT. These
calculations are still independent with respect to the vertical direction and can therefore be

parallelized.

Algorithm 8 FFT Solver Reverse Transform Reduced

1: forl=1,...,N, do

2: 2D forward DST of the RHS in x and y directions

3: end for

4: for j=1,...,Ny;i=1,...,N, do

5. Solve the tridiagonal system using LU decomposition

6: end for

7. forl{=1,...,N, do

8: 1D DST of the solution in the x direction, but only for the first and last two rows
9: 1D DST of the solution in the y direction

10: end for

7.1.2 Step Two

The second step in the Partial FFT Solver is to solve the equation Ay = Cx where y =
u — x. The solving is accomplished with a modified generalized eigenvalue solver that takes
advantage of the sparsity in the right-hand side, Cx. Due to sparsity fewer computations are
required to transform the right-hand side verses the original generalized eigenvalue solver.
Additionally, looking ahead at step three, the solution of step two, y, will be multiplied by
C. The resulting reverse transform has the same reduction as in step one.

Returning to the two-dimensional example with NV, = 5 and NV, = 3, consider the vector
Cx in Figure 7.1. Because the vector only contains nonzero elements at the first and last row
in each N, block, the transform of the right-hand side in the generalized eigenvalue solver,
S—1Bt (Cx)j for j =1,..., Ny, is reduced from N,? - N, multiplications to only 2N, - N,.
Similar to step one, the full solution, y, is not needed. Hence, the reverse transformation to

y is reduced by (N, — 4)N, elements.
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Algorithm 9 Reduced Generalized Eigenvalue Solver

. for{=1,...,N,;5=1,...,Ny;i=1,...,N, do
2 fiju = (BaS);1 (CX)yj, + (BaS)in, (CX)y, 5
3: end for

4: for j=1,...,Ny;;i=1,...,N, do

5:  Solve the tridiagonal system using LU decomposition
6: end for

7.fori=1,...,N,;;j=1,...,N,; do

8 Y141 = SLLN,N, * Wi

9: Y241 = S2,1:N,-N, * Wi

10: YN, —140 = SN,—1,1:N.-N, * Wi

11: YN, 41 = SN, 1NN, * Wi

12: end for

In the three-dimensional case the computational complexity of the forward transform
is reduced to O (N, - N, - N,) from O (Nr2 . Ny2 . Nz). The reverse transformation to y
is reduced as in step one. In the full generalized eigenvalue solver, the transforms are
computed by matrix vector multiplication for each vertical layer requiring N, - Ny2 - N,
scalar multiplications. However, in this case the work has been reduced to four dot-products
for each vertical layer requiring 4N, - NV, - N, scalar multiplications. Algorithm 9 shows the
reduced generalized eigenvalue solver for constant k. The algorithm uses vector notation,
w;, introduced in Chapter 5 by (5.1). The cases for k varying only vertically or with an

inclusion take advantage of the sparsity in the same manner.

7.1.3 Step Three

The third and final step of the partial solver is finding u in Bu = f+C'(x+y) via FFT solver,
which modifies the FFT solver differently than step one. Here the reduction is achieved in
the forward transform. The two-dimensional DST required in the forward step is reduced
in the x directions. There are only two nonzero elements in each N, block. Therefore,

the number of operations in the forward transform is reduced to O (N, - N, log(N,)) from
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O (N, - N, - Nylog(N)). This reduction is shown in Algorithm 10. In the two-dimensional

example with N, =5 and N, = 3, only the DST in the x direction is needed and hence the

multiplications required are only 2N, = 6 for the forward transform.

Algorithm 10 FFT Solver Forward Transform Reduced

1: fori=1,...,N, do

2. 1, =1£+DST,(DST,(C(x+y)))

3: end for

4: for j=1,...,Ny;i=1,...,N, do

5. Solve the tridiagonal system using LU decomposition with T as the transformed RHS
6: end for

7. forl=1,...,N, do

8: 2D inverse DST of the solution in x and y directions

9: end for
7.2 Summary

Chapter 7 provided a detailed explanation of the three steps of the partial FFT solver. Steps

one, two and three demonstrated the reduction in computations gained by combining the

generalized eigenvalue and FFT solvers. Chapter 8 presents detailed examinations of the

accuracy and parallel performance of the implementations of all three solvers considered by

the research.
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8 Numerical Results

Chapter 8 presents the results of numerical experiments implemented in the programming
language C to demonstrate the power and versatility of the given parallel numerical methods.
Some results are from runs on Lawrence Berkeley National Laboratory’s Cori cluster. The
tests utilize Haswell nodes on Cori, which contain Intel Xeon 2.3 GHz processors with 32
physical cores and 128 GB 2133 MHz DDR4 memory. Additional numerical experiments
were conducted on an iMac desktop, MacBook Pro laptop or server with a Xeon X5690
3.47 GHz processor and 144 GB of memory. The MackBook Pro contains an Intel Quad-
Core i7 2.7 GHz processor and 16 GB 2133 MHz LPDDR3 memory. The iMac contains an
Intel Quad-Core i7 2.93 GHz processor and 16 GB 2133 MHz LPDDR3 memory. Results are
divided into two sections, one for the FF'T solver and the other for the generalized eigenvalue

and partial FFT solvers. All times provided in Chapter 8 are wall-times measured in seconds.

8.1 FFT Solver

Building on Chapter 5’s presentation of three different parallelization strategies for the FFT
solver, Section 8.1 compares the performance of the three techniques for test problems with
Dirichlet boundary conditions. The Helmholtz and convection-diffusion equations are con-
sidered in three-dimensions. A more detailed examination of this solver is provided in the

author’s previous publication [16].

8.1.1 Helmbholtz
OpenMP, MPI and hybrid implementations of the developed direct FFT solver were used to

obtain approximate solutions of the problem (1.1,1.2) with Dirichlet boundary conditions.
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In the following numerical experiments, the coefficient £ is considered to be constant or vary

only in the vertical direction. For either case k is defined by
k(z) = a — bsin(cz) (8.1)

with @ > 0 > 0. Note that k is constant when b = 0. To test the accuracy, consider the

analytic solution
u(x) = sin (fz) sin (yy) e FE)/e
where 32 + % = a? + b%. This gives the right-hand side
f(x) = —=b(2a + ¢) sin(cz)e ¥/ sin(Bz) sin(yy).

The domain under consideration is Q = [0,7] x [0, 7] x [0,7]. Turkel considered this test
problem in [5], with results from runs on a Supermicro cluster consisting of 12 nodes. Each
node contained two Intel Xeon E5520 2.27 GHz quad processors that shared 8 GB of RAM.

Table 8.1 presents a comparison of two solvers on the problem above utilizing variable
k with a = 10, b =9, ¢ = 10, v = 9 and § = 10. The first two rows of Table 8.1 show
results from the iterative solver used in [5], while the remaining results are from the second-,
fourth- and sixth-order implementations of the FFT solver provided in Chapter 5. Define
the relative Ly error as ||u — ug,ll2/||u||2 where u is the numerical solution and u, is the
analytic solution at the same grid points. The tolerance for the iterative method was set at
.001 for the Ls error. The grid sizes for the direct FF'T solver runs were chosen to produce an
Lo error below this tolerance. The iterative solver was run on the Supermicro cluster while

the direct FFT solver was run on both the Xeon X5690 server and iMac described earlier.
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Table 8.1: Comparison of Direct and Iterative Solvers

Machine Scheme Type N [terations Seconds
Supermicro 2nd iteration 333 1970 703
Supermicro 6th iteration 45 350 1.01

X5690 2nd direct 353 NA 15.18

X5690 4th direct 62 NA 0.078

X5690 6th direct 50 NA 0.055
iMac 2nd direct 353 NA 19.8
iMac 4th direct 62 NA 0.097
iMac 6th direct 50 NA 0.08

In this case N = N, = Ny, = N,.

Table 8.1 shows the direct FFT solver on the X5690 and iMac i7 was approximately 46
and 36 times faster than the iterative solver respectively in the second-order case. With the
sixth-order scheme, the direct FFT solver was approximately 18 and 13 times faster on the
X5690 and iMac i7 than the iterative solver, respectively. The direct solver results are from
sequential runs where only one process was utilized. These results demonstrate the immense
advantage the direct FFT solver has in this problem even without parallel computations.
The same accuracy, or resolution, is achieved in a fraction of the time.

The sequential and parallel implementations of the FF'T solver give consistent results on
all considered grids. Table 8.2 shows the convergence of the second-, fourth- and sixth-order
implementations, respectively. These tests utilize variable £ with a = 10, b = 9, ¢ = 10,
v =9 and = 10. The table shows the maximum error between the numerical solution, u,
and the analytic solution u,. If the grid size is doubled in each direction the error decreases
by roughly four, 16 and 64 times for second-, fourth- and sixth-order, respectively. This

confirms the accuracy of the numerical methods. These values for the error are the same
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Table 8.2: FFT Solver Convergence

Second-Order Fourth-Order Sixth-Order
Grid | =gl | 14w — iy | [Ju—ualloe | 14w = £l | [Ju— gl | [[4u - ]}
1253 5.757e-03 | 4.727e-13 | 3.449e-05 | 3.630e-13 | 2.188e-06 | 3.158e-13
2503 1.485e-03 | 2.585e-12 | 2.178e-06 | 1.986e-12 | 3.494e-08 | 2.054e-12
5003 3.745e-04 | 6.588e-12 | 1.372e-07 | 5.083e-12 | 5.521e-10 | 5.215e-12

The numerical and analytic solutions are given by u and u, respectively.

regardless of the number of processes used. In addition, Table 8.2 shows that the residual
for each order’s implementation is approximately zero with respect to machine precision.

Next the parallel performance of the direct FFT solver is examined. Figures 8.1 and
8.2 show the scaled wall-times required to numerically solve the system when k is constant
and k(x) = k(z) respectively. In the case of constant k the values a = 20, b = 0, ¢ = 10,
7 = 16 and § = 12 are chosen in (8.1). For variable k the same values are used as in
the previous experiment, that is a = 10, b = 9, ¢ = 10, v = 9 and S = 10. The results
given in these figures were recorded from runs on Cori. They show the comparison of the
strictly OpenMP implementation verses the strictly MPI implementation on a single node.
Near optimal speed-up is observed, that is the doubling of computational processes cuts the
solution time by nearly half.

Tables 8.3 and 8.4 show parallelization results of the FFT solver’s hybrid implementation.
These results require the use of a cluster and hence were recorded from runs on Cori. To
efficiently access as many computational processes as possible, the hybrid implementation
utilizes MPI to access different nodes in the cluster while OpenMP give access to each
processor on the node. The efficiency of this hybrid version is displayed in Table 8.3. The

number of processors utilized on each node by OpenMP is shown in the columns while the
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rows represent the number of nodes. With this implementation the solution time can be

reduced to just over half a second on a grid of 5123.

Figure 8.1: Constant & FFT Solver OpenMP vs MPI on 5123
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Figure 8.2: Variable k FFT Solver OpenMP vs MPI on 5123
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The true power of the hybrid implementation is shown in Table 8.4. Results of the tests
run with very large grid sizes, up to 40963, creating an extremely high-resolution solution

are presented. The numerical solution on this large grid was achieved in only 27.522 seconds.
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Table 8.3: FFT Solver Hybrid on 5123

Nodes | 1 Thread 2 Threads | 4 Threads | 8 Threads | 16 Threads | 32 Threads
1 39.61 21.73 12.93 8.83 6.84 5.62
2 19.87 10.94 6.48 4.56 3.48 2.92
4 9.99 5.66 3.48 2.52 2.10 1.82
8 5.27 3.11 1.99 1.55 1.37 1.27
16 2.49 1.42 0.85 0.64 0.58 0.58
32 1.85 1.33 1.09 0.93 0.76 0.80
Table 8.4: FF'T Solver Hybrid on Large Grids
Grid Nodes Processors Seconds
5123 1 32 7.794
10243 4 128 16.911
20483 32 1024 19.418
40963 256 8192 27.522

This reduction in wall-time was accomplished by utilizing a total of 8192 processors in a very
efficient manner. Finding such a high-resolution solution is only possible through parallel

computing.

8.1.2 Convection-Diffusion

To demonstrate the versatility of the FF'T solver, an example using convection-diffusion is
presented. The discretization for the general convection-diffusion equation given in Section
3.4 does not fit the pattern necessary to be solved by the FFT solver, however it does in
the common case of dominate vertical convection. This allows the convection coefficients to

be defined as a; = 0, a; = 0 and a3 € R, which reveals the necessary stencil pattern. Only

the fourth-order scheme and OpenMP are considered. The test problem under consideration
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Table 8.5: FFT Solver Convergence for Convection-Diffusion

Grid [u — 1 |o |[Au — £[|
643 3.261e-03 1.544e-15
1283 2.058¢-04 4.610e-15
256° 1.294e-05 9.900¢-15
5128 8.198¢-07 3.260¢-14

The numerical and analytic solutions are given by u and u, respectively.

can be presented as
Au—az—u =0
U= g U
with as = 100. The rectangular domain is defined by
0= [Oﬂ} X [0\/5} x [0,1]

with Dirichlet boundary conditions

u(z,y,0) = sin (%) sin (\%)

(z,y,1) = 2si (”) i (W?J)
u\zr, y, = Z8In 7 sin [ —

2 V2

u(O,y,z) = u(\/ﬁ,y,z) = u(l’7072> — U(CL', \/5,2) = 0.
The analytic solution is given by

V2

i — —a3z/2 &}
u(x) = e/ sin <7m> sin (Wy> sinh(o(1 — 2)) + 2e sinh(o)

NG sinh(o)

where o = /72 + a}/4.

The fourth-order convergence of the numerical solution to the analytic solution on a
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sequence of grids is presented in Table 8.5. The table shows the maximum error between the
numerical solution, u, and the analytic solution u,. The error decreases by approximately
16 times as the number of grid points doubles in each spatial direction, and the consistency
is true regardless of the number of processes used. The convergence of the error confirms the
accuracy of the numerical method. In addition, Table 8.5 shows the residual is approximately
zero with respect to machine precision.

Table 8.6 provides the results of computation time in seconds on a single Cori node. The
number of OpenMP processes in the test varies from one to eight. The table shows the
wall-time of the direct solver for the grid sizes 2563 and 5123. The parallel algorithm gives
approximately a four times speed-up from one process, run sequentially, to eight processes.
Figure 8.3 shows the parallel computation times from Table 8.6 scaled by the sequential
time. The decrease in computation time is approximately the same of the FFT solver for
the Helmholtz tests provided in Table 8.5. Section 8.1 results have shown that not only is

the FFT solver highly parallel and efficient, but versatile in its application.

Table 8.6: FF'T Solver OpenMP for Convection-Diffusion

Processes 2563 Grid 5123 Grid
1 7.859 s 40.088 s
2 4.558 s 24.553 s
4 2.666 s 15.110 s
8 1.829 s 10.878 s

The wall-times are given in seconds.
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Figure 8.3: Convection-Diffusion FF'T Solver OpenMP
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8.2 Generalized Eigenvalue and Partial FFT Solvers

The tests presented in Section 8.2 find numerical solutions of the problem (1.1,1.2) with
Sommerfeld-like conditions on all boundaries. This problem requires the use of the gen-
eralized eigenvalue solver or the partial FFT solver. First, test problems with constant &
demonstrate the accuracy of the numerical schemes. The findings are compared to results
given by Toivanen and Wolfmayr in [10]. The tests are then expanded to include k varying
in the vertical direction as shown in Figure 6.1 with realistic values for air and soil [13].
Finally, the accuracy of the algorithms’ implementations are given on test problems with

subsurface inclusions.

8.2.1 Constant k
Subsection 8.2.1 provides the OpenMP implementations of the developed direct generalized
eigenvalue and partial FF'T solvers are used to obtain approximate solutions of the problem

(1.1,1.2) with Sommerfeld-like boundary conditions. The wave number £ is assumed to be
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Table 8.7: Generalized Eigenvalue Solver Convergence

Second-Order Fourth-Order Sixth-Order
Grid | =gl | 14w — iy | [Ju—ualloe | 14w = £l | [Ju— gl | [[4u - ]}
332 1.63e+01 3.07e-12 1.18e+00 7.17e-11 3.36e-02 6.88e-13
652 3.58e4-00 3.37e-12 7.07e-02 1.18e-10 4.38e-04 1.41e-12
1292 8.47e-01 5.49e-12 4.41e-03 3.44e-10 6.57e-06 4.85e-12
2572 2.09e-01 2.79%-11 2.76e-04 6.87e-10 1.02e-07 1.69e-11
5132 5.22e-02 9.06e-11 1.72e-05 2.34e-09 1.63e-09 3.89%-11

The numerical and analytic solutions are given by u and u, respectively.

constant. The two-dimensional case is investigated.
The first test’s purpose is to examine the accuracy of the numerical schemes. Both
the generalized eigenvalue and partial FFT solvers are tested on the same problem. Let

k = /439.2. Consider the function

o(x) = exp (tk(z + 1)) + exp (—ik(x — 1)) — 2.

In the two-dimensional case the analytic solution on the domain Q = [—1, 1] x [-1, 1] is given

by u(z,y) = ¢(z)¢(y). The right-hand side follows

f(x) = =k [d(2)o(y) — 20(z) — 26(y)] - (8.2)

Tables 8.7 and 8.8 show the maximum error between the numerical solution, u, and the
analytic solution u, in the generalized eigenvalue and the partial FFT solvers, respectively.
The error decreases by roughly four, 16 and 64 times for second-, fourth- and sixth-order,
respectively, confirming the accuracy of these solver’s implementations. The maximum errors

are the same regardless of the number of processes used. In addition, the tables show
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Table 8.8: Partial FF'T Solver Convergence

Second-Order

Fourth-Order

Sixth-Order

Grid | flu—wlleo | 14— £l]z | [la =gl | [[Au—£]ls | [[u—uaflo | [[Au—£]]
332 1.63e+01 7.29¢e-11 1.18e+00 4.11e-11 3.36e-02 2.77e-12
652 3.58e+00 9.87e-12 7.07e-02 1.41e-11 4.38e-04 6.75e-12
1292 8.47e-01 1.20e-11 4.41e-03 1.04e-09 6.57e-06 3.23e-11
2572 2.09e-01 4.24e-10 2.76e-04 1.53e-09 1.02e-07 5.98e-11
5132 5.22e-02 6.88e-10 1.72e-05 5.34e-09 1.63e-09 3.59e-09

The numerical and analytic solutions are given by u and u, respectively.

the residual for each order’s implementation is approximately zero with respect to machine

precision.

The next test assumes that & = 27 on the domain 2 = [0, 1] x [0, 1]. The parallel results

of this test are shown in Tables 8.9 and 8.10. The choice of the grid size in this case is to

compare the results provided by Toivanen and Wolfmayr in [10]. Toivanen and Wolfmayr’s

solver, namely fast solver, is implemented via Matlab utilizing a similar method to the partial

FFT solver described in Chapter 7. Unlike the partial FFT solver, the fast solver’s results

are restricted to constant k. Results for the fast solver were found by runs on a laptop with

an Intel(R) Core(TM) i5-6267U CPU 2.90 GHz processor and 16 GB 2133 MHz LPDDR3

memory. All other computation times were found by runs on the MackBook Pro described

in the beginning of Chapter 8 with four OpenMP processes.
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Table 8.9: Solver Timing Comparison on Uniform Grids

N, = N, 65 129 257 513 1025 | 2049 | 4097
Matlab’s backslash 0.028 | 0.064 | 0.334 | 1.611 | 8.198 | 65.490 | 1421.4
Fast solver 0.01 0.02 0.06 0.23 1.05 4.58 -

Initialization 0.012 | 0.066 | 0.266 | 1.308 | 5.340 | 28.407 | 211.74

Generalize eigenvalue solver | 0.001 | 0.003 | 0.014 | 0.080 | 0.315 | 1.850 | 13.749
Partial FFT solver 0.001 | 0.004 | 0.020 | 0.088 | 0.251 | 1.256 | 5.696

The wall-times are given in seconds.

Table 8.10: Solver Timing Comparison on Nonuniform Grids

N, 65 65 2049 2049 2049 4097 | 4097
N, 65 2049 65 2049 | 4097 | 2049 | 4097
Matlab’s backslash 0.028 | 0.655 | 0.640 | 65.490 | 506.62 | 436.67 | 1421.4
Fast solver 0.01 0.10 0.12 4.58 - - -

Initialization 0.012 | 0.017 | 28.899 | 28.407 | 28.962 | 215.57 | 211.74
Generalize eigenvalue solver | 0.001 | 0.007 | 0.620 | 1.850 | 3.371 | 7.489 | 13.749
Partial FFT solver 0.001 | 0.015 | 0.571 | 1.256 | 2.446 | 3.780 | 5.697

The wall-times are given in seconds.

Table 8.9 provides a comparison with a uniform grid, while Table 8.10 shows experiments
with nonuniform grid. These comparisons are between the second-order partial FFT solver
in C and the second-order fast solver in Matlab. Toivanen and Wolfmayr state that a C
implementation of the fast solver would be more efficient with respect to solution time;
however, such an implementation’s results were not provided in [10]. The initialization rows
in Tables 8.9 and 8.10 represent the time required to calculate the eigenvalues, eigenvectors
and LU factorizations needed in the partial FFT solver. The partial FFT solver bears no

advantage over the generalized eigenvalue solver until relatively larger grid sizes, an expected
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Figure 8.4: Constant k Partial FFT Solver OpenMP on 10252
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trait as the partial FFT solver combines two versions of the FF'T solver and the generalized
eigenvalue solver. Both the partial FFT and generalized eigenvalue solvers are quicker than
the fast solver. When comparing the solvers to Matlab’s backslash there is no contest. The
partial FFT solver is up to 20 times faster in wall-time than backslash in the case where
N, = 65 and N, = 2049, but only slightly faster when N, = 2049 and N, = 65. The
drastic difference of the wall-time in these two cases is expected because the eigenvalues
and eigenvectors are computed for an N, x N, matrix and the parallelism is based on the y
direction.

Figures 8.4 and 8.5 give the scaled wall-times of the second-, fourth- and sixth-order
implementations on two different grids. These times are found using one, two and four
OpenMP threads. Each order of approximation shows a reduction in time. The second-
order case performs the best. The better performance is due to the reduced number of
computations because the matrix B, from Chapter 6 is simply the identity matrix.

The results in Subsection 8.2.1 demonstrate the efficiency of both the partial FF'T and
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Figure 8.5: Constant k Partial FFT Solver OpenMP on 20492

®ond Order
® 4th Order
® 6th Order

. ~
o ot

Scaled Wall-Time
&

1 2 4
Number of Processes

the generalized eigenvalue solvers. The comparison to the second-order solver developed
by Toivanen and Wolfmayr in [10] shows an increased ability to utilize larger grids with a
faster solution time. Both the solvers show an immense improvement from Matlab’s backlash

solver.

8.2.2 Air and Soil Medium

Subsection 8.2.1 focused on the case with constant k& for a comparison with the fast solver
[10]. Subsection 8.2.2 examines the parallelization of the generalized eigenvalue and partial
FFT solvers implementations on test problems that push beyond the capabilities of the
fast solver given by Toivanen and Wolfmayr in [10]. All tests were run on the MacBook Pro
laptop. The domain considered is 2 = [—1, 1] x [—1, 1]. Here k varies in the vertical direction

representing an air and soil medium as shown in Figure 6.1. If y = 0 is the location of the
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Table 8.11: Partial FFT Solver Residuals for Air and Soil Problem

Grid Second-Order Fourth-Order
1292 9.57E-12 3.64E-12
257* 2.41E-11 1.07E-11
5132 4.82E-11 3.33E-11

interface between the air and soil, then

v439.2 fory <0
k(x) =

V1273 4+31i fory >0
where x € R?. The values in k are chosen for realistic representations of air and soil [13].
The right-hand side for this test is (8.2). Table 8.11 demonstrates the accuracy of the partial
FFT solver by showing that the residual is nearly zero in each case tested.

Tables 8.12 and 8.13 give the results for the second-order case with computational grids
N, = Ny, = 2049 and N, = N, = 4097 respectively. The generalized eigenvalue solver’s ini-
tialization includes the time required to find the eigenvalues and eigenvectors of the matrices
B, and B,. Additionally, the matrices D,, D, and LU decomposition for the matrix A,
are computed. The definitions of these matrices are given in Chapter 6. The initialization
required for the FFT solver is the LU decomposition of the diagonalized system described
in Chapter 5. When the grid size is 2049 it is seen that the partial FFT solver can find
the numerical solution in roughly half the time it takes the generalized eigenvalue solver.
The partial FFT solver becomes more advantageous with larger grid sizes as shown in Table
8.13 with a grid size of 4097 where the partial FFT solver reduces the wall-time of the

generalized eigenvalue solver by more than half.
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Table 8.12: Generalized Eigenvalue and Partial FFT Solvers OpenMP on 20492

1 Thread | 2 Threads | 4 Threads
Initialization FFT 0.39213 0.241561 0.204826
EIG | 53.996724 | 40.764139 | 32.553124
Generalized Eigenvalue Solver 4.981626 3.131687 1.902369
Partial FFT Solver FFT | 0.756528 0.442337 0.253204
EIG 1.12378 0.816346 0.775145
FFT | 0.604237 0.384812 0.188181
Total | 2.484601 1.643549 1.216581

EIG refers to the generalized eigenvalue solver.

Table 8.13: Generalized Eigenvalue and Partial FFT Solvers OpenMP on 40972

1 Thread | 2 Threads | 4 Threads
Initialization FFT | 1.771211 1.12604 0.837973
EIG | 389.701499 | 289.154195 | 242.122615
Generalized Eigenvalue Solver 34.754707 20.48377 13.261538
Partial FFT Solver FFT | 3.215323 1.749894 1.09352
EIG | 4.713536 3.52659 3.246609
FFT | 2.691277 1.493174 0.833005
Total | 10.620197 6.769714 5.173189

EIG refers to the generalized eigenvalue solver.

Figure 8.6 shows the wall-times for second- and fourth-order on a grid size of 20492

The times shown are from running the partial FF'T solver where favorable wall-time speed-

up is observed. The results shown in this subsection demonstrate the partial FFT solver’s

improvement in solution time over the generalized eigenvalue solver. Furthermore, strong

parallelism is shown by the reduction in wall-time with the addition of processes. The most

significant improvement the partial FF'T solver has over the fast solver is the ability to solve
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Figure 8.6: Variable k Partial FF'T Solver OpenMP on 20492
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problems with k& varying in the vertical direction [10]. The highly parallel nature of the
partial FFT solver with k varying in the vertical direction shows that it can provide an

efficient preconditioner in an iterative solver for the inclusion problem.

8.2.3 Air and Soil Medium with Subsurface Inclusions
Subsection 8.2.3 considers the subsurface inclusion test problem. The following presents a
mathematical model for the propagation of an electromagnetic field. Let x = (z,y) € R?
and the air-soil interface be at y = 0. Air is given by y < 0 and the soil by y > 0 as shown in
Figure 6.3. Let Ey be an electrical field originated by a ground-penetrating radar. Consider
Ey to be a linearly polarized plane wave with the direction of propagation parallel to the
positive direction of the y axis: Ey = (0,e™?), where w is the angular frequency [13].
Maxwell’s system implies that F = (0,u(x)) where the function u(x) satisfies the follow-

ing Helmholtz equation

0 = Au(x) + k*(x)u(x) (8.3)
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k?(x) = w?pe(x) + iwpo(x). (8.4)

Consider the so called loss tangent tan(d) = o/(we). The substitution of (8.3) into (8.4)
gives k? = w?ue(1 + itan(d)). Assume that g = po and € = gpg,, where py and gy are
the magnetic permeability and the dielectric permittivity of a vacuum and ¢, is the relative
dielectric constant. In addition, assume € = ¢; and tan(d) = 0 in air, when y < 0. In the

soil

er = &.(X) = €1 + Agp(x) > 0,

tan (§(x)) = tan(d;) + A tan (61 (x))

where €,1 and tan(d;) are positive constants and the perturbations Ae,;(x) and A tan (0, (x))
are due to the presence of small mine-like inclusions. Assume that the perturbations Aeg,(x)
and A tan (01(x)) are only supported within these inclusions. The method under consider-
ation can be generalized to a layered medium. In this case ¢,1 and tan(d;) are functions
depending on only the y direction. Let kq(x) be the function k(x) without inclusions present,

as

) wZ,uOEO, if y <0
ko(x) =

wz,uoggétﬂ [1 + itan(él)] , if Yy > 0.

Therefore, the function ko(x) has constant values both in air and soil with a discontinuity at
the air-soil interface. Further, let ug(x) be the solution of equation (8.3) which corresponds
to the initializing plane wave e®*o¥ where y < 0. Consider the function u(x) in the form

u(x) = up(x) + v(x) where the function v(x) represents the wave scattered by the mine-like
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Table 8.14: Electrical Parameters

g, | tan(d) | K*(w = 1GHz)
Air 1 0 439.2
Soil 2.9 | 0.025 1273 + 31¢

Inclusion | 2.86 | 0.0018 | 1050 4 2.264¢

inclusions. This function satisfies the radiation boundary conditions (1.3). Then

eWkoX) 1 ge=wko(x) if 4 < 0
up(x) =

beivko(x) ify>0

where a and b are the reflection and transmission coefficients defined as

Here k, and k, are the values of ko(x) for y < 0 and y > 0, respectively, as in Figure 6.1.
The presence of these coefficients ensures the continuity of the function ug(x) together with
its first derivatives at the air-soil interface. Substituting u(x) = u(x)+v(x) into (8.3), gives

the equation in the form (1.1) with

0, outside inclusions,
(k2 — k*(x))uo(x), inside inclusions.

The model described above is now implemented on a problem with a mine-like target

in wet soil [13]. The ranges of parameters k(x) are given in the Table 8.14. The domain
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Table 8.15: Partial FFT Solver Residuals for Inclusion Problem

Grid Second-Order Fourth-Order
1292 5.64e-14 2.47e-14
257* 1.63e-13 4.69e-14
5132 3.83e-13 1.19e-13

considered is Q = [—1, 1] x [—1, 1]. The function k(x) is defined as

439.2 ify <0

k(X)=91273+31i ify>0andy¢ S

1050 +2.26i ifye S

where S = {x € Q| |xr — .3] < .15 and |y — .2| < .04} is the set of grid points within the
rectangular inclusion with width .15, height .04 and center (.03,.2).

The partial FFT solver was tested on the problem described above. Table 8.15 shows the
residual of multiple runs on the MacBook Pro. All residuals are approximately zero with
respect to machine error, an accuracy rarely produced by iterative methods [5, 12]. Figure
8.7 illustrates the domain with air, soil and a rectangular mine-like inclusion. Figure 8.8
shows the numerical solution from the second-order scheme on a grid size of 1292. Figure
8.9 shows the speed-up in wall-time from one to four OpenMP processes for the calculation
of the numerical solutions with grid sizes of 257? and 513%2. The wall-time is reduced by

approximately one half, from one to four process.

8.3 Summary
Results shown in Chapter 8 demonstrate the highly parallel FFT solver’s ability to reduce

wall-time with the addition of more processes. The FF'T solver is versatile in its application as

113



Figure 8.7: 2D Domain with Air, Soil and Rectangular Inclusion
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Figure 8.9: Partial FFT Solver OpenMP with Rectangular Inclusion
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shown in the convection-diffusion example. The partial FFT solver demonstrated the ability
to directly solve the subsurface scattering problem with high-accuracy. This accuracy is
rarely produced by iterative methods. Furthermore, the partial FFT solver demonstrates a
significant level of parallelism by the reduction of wall-time with the addition of OpenMP
processes in the case of k varying vertically. Chapter 9 reviews the conclusions of the research

study and proposes directions for future work.
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9 Conclusion and Future Work

Increasing the resolution of existing numerical solvers is the focus of research in many ar-
eas of science and engineering. The research study added to this body of knowledge by
utilizing high-order approximations combined with highly parallel solvers and showing the
highly parallel solvers can provide high-resolution solutions for both the two- and three-
dimensional Helmholtz equations. The versatility of these numerical methods in a diversity
of applications was demonstrated. These methods provide an effective alternative approach
to iterative methods when solving discretized systems that are neither positive definite nor
Hermitian. The highly parallel nature of these methods provides the ability to produce
extremely high-resolution solutions on problems for which traditional sequential methods
fail. The parallel implementations reduce the computation time by taking advantage of both
shared and distributed memory environments by use of OpenMP and MPI respectively.
Chapters 2 and 3 provided the second-, fourth- and sixth-order finite difference approx-
imations of the Helmholtz equations in two- and three-dimensions respectively. These ap-
proximations were developed through closely following, and extending on previous work from
2,3, 4,5, 6]. Chapter 3 developed the fourth-order discretization for the convection-diffusion
equation as an example of the versatility of the numerical methods. This discretization, under
specific restrictions, falls into the class of linear systems that are effectively handled by the
presented FFT solver. The Dirichlet and Sommerfeld-like boundary conditions were stated
in Chapter 4 with a simple two-dimensional example on their implementations. Additionally,
the Sommerfeld-like conditions and their approximates were described. The FFT solver’s

derivation and parallel implementation was provided in Chapter 5. Details on the solver’s
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parallelism along with the OpenMP, MPI and hybrid implementations were presented. The
novel generalized eigenvalue and partial FFT solvers were developed in Chapters 6 and 7
respectively. The generalized eigenvalue solver’s development is described in detail. An ex-
planation on the improvements provided by the partial FFT solver are shown along with a
description of the parallel implementation.

Chapter 8 presented numerical results of multiple test problems. The FFT solver’s par-
allel efficiency is tested and demonstrates the impressive capabilities. An example of the
diverse applicability of this solver is provided in the form of a generalization to the approx-
imated solution of the convection-diffusion equation. Thorough examples of all the solvers’
accuracy are shown. Results of tests were given that demonstrate the efficiency of the gen-
eralized eigenvalue and partial FFT solvers’ parallel implementations. Tests with subsurface

inclusions exemplify the accuracy of these numerical methods.

9.1 Future Work
The solvers presented in the research study are efficient and have a wide array of appli-
cations. The parallel implementations provide excellent speed-up in wall-time. However,
improvements can be made. The solutions of the transformed systems in the generalized
eigenvalue, and partial FFT solvers, use the Linear Algebra PACKage (LAPACK) for the
LU decomposition and solution [28]. There is potential for improvement in parallelization,
and therefore, computation time using a software package called SuperLU developed by in
part by Sherry Li of Lawrence Berkeley National Laboratory [29].

Memory utilization can be reduced. The implementations require several arrays, but

it may be possible for optimization by reusing allocated memory. Within the partial FFT
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solver only portions of the matrices R, S, B, and B, are needed; the memory storing these
matrices could be reduced to only the necessary portions.

Another potential improvement is in the calculation of the DST in the forward and
reverse transforms in the FFT solver. The FFTW libraries contain optimized functions for
computing the DST directly. It may be possible to reduce memory and computation time
by utilizing these functions rather than finding the DST via DFT of extended arrays.

The forward solution of high-frequency electromagnetic wave propagation presented in
the research provides a vital piece in the imaging of subsurface mine-like targets. The next
step is using the partial FF'T solver to generate many solutions to the forward problem with
mine-like inclusions. Multiple variations on the inclusions would be considered, including
different locations, sizes, and shapes of the inclusion. These solutions can provide images at
the surface that may be used to train convolutional neural networks to give an estimated
location, size and shape of the inclusion. The estimate can be used as an initial estimate in

the reverse imaging algorithm.
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