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Abstract

With advances in robotics and mechatronics, exoskeletons are being widely developed
to assist in, rehabilitate or augment human body motions. However, there are still
many challenges that need to be overcome in the design of exoskeletons. Research
is being done in four main areas: data acquisition, kinematic design, detailed design
and instrumentation/actuation; a good design methodology for exoskeletons needs to
incorporate all of these aspects. In this research, results are developed in three of
these areas, with emphasis on the kinematic design.

The main contribution of this research is the development of a kinematic-synthesis
based, multi-step methodology for the design of exoskeletons. In this method, the
input is the human motion captured using vision-based or similar systems; research
in this area includes the development of a joint-based sensor. The second step is
finite-position kinematic synthesis that yields a set of exoskeletons that can follow
the desired motion. In this second step, research has been devoted to exploring the
synthesis of spatial mechanisms for a given workspace or trajectory, which ensures
compatibility with the human user. The exoskeleton is then further optimized to
ensure motion smoothness, obstacle avoidance and optimum physical dimensions,
using a newly-developed link-based hybrid optimization routine.

Traditionally, the exoskeletons are designed with full degrees of freedom and trying
to align with the human joint axes of motion, which relies on several premises such
as identification of the accurate location of the axes and the simplification of their
motion. The main advantage of the method developed in this research over other
methods is that it does not need any assumption about the location and type of
joints in the subject; the exoskeleton is going to follow the path that is selected as
task regardless of the skeletal structure that generates it. This new methodology may

help in the creation of new and innovative exoskeleton designs.
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Chapter 1

Introduction

Robotic exoskeleton systems are one of the highly active areas of recent robotic re-
search. In the past few years, the demand for high performance robots for daily
human activities increased rapidly due to the advancement of robotics technology.
New robot technologies, acting in collaboration with humans, have the potential to
greatly increase both productivity and quality of life. One such evolving co-robot
technology is the robotic exoskeleton, which attaches directly to a human to augment
the abilities of the user. Exoskeletons are being developed for many applications,
including rehabilitation after neurological injury, strenuous and repetitive work, dan-
gerous work, and military missions. Robotic devices have been shown to be capable
of automating the strenuous and repetitive nature of movement therapy after stroke
or other neurological injury ([35], [104]). Additionally, robotic devices give scientists
a new investigative tool for recording progress during movement training and for

determining the factors that promote functional recovery [114].

For the purpose of industrial and medical application, robotic exoskeletons were



studied in the late 1960s and 1970s ([91], [24], [107]). Exoskeletons were also designed
to enhance the strength of humans ([15], [63]). Currently, many exoskeleton robots are
proposed /designed for the rehabilitation, haptic interaction, and power augmentation
purpose ([61], [39]). However, there are still many challenges and issues that limit the
advancement of the exoskeleton design such as the availability of effective controls,
higher performance actuators, and advanced power transmission technology that can
provide a better power to weight ratio to the exoskeleton. An ideal exoskeleton should
generate natural motions of the limb without causing vibration, or sudden motion
change and without adding extra load or burden on the user. All these considerations
made the design of exoskeleton devices difficult. Since there is a direct interaction
with human users, designing exoskeleton robot needs special consideration. Some of
the issues that need to be addressed in the mechanical design of exoskeleton are range
of motion, comfort, low inertia and safety. Similarly, in the control of exoskeleton
issues like controllability, smooth motion generation and flexibility are required. Of
particular interest are the ability to design, implement, and test assistive control
strategies. Many different control strategies have been developed [27]. The most
promising approaches fall into the assist-as-needed category, where an attempt is
made to vary the level of assistance to match the impairment level of the patient. For
example, in [128] an assist-as-needed controller that learns a model of the patients’
abilities while simultaneously reducing assistance when the patient performs well is

presented.

Proper evaluation of assist-as-needed control strategies is dependent upon the

abilities of the robotic device. Ideally, the device would be able to apply any force



at any speed at any location along the movement trajectory. In practice, this is
impossible, but can be approached in a robotic device by keeping apparent inertia
and friction low, and the controllable force bandwidth high. The result is a robotic
device that can help patients complete movements, but continually challenges them to
try. The efficacy of these and other control strategies has been documented ([17], [75],
[87]) but it remains unclear what specific controller characteristics increases patient

learning during therapy.

A special design procedure needs to be adopted to minimize the effect and advance
the exoskeleton technology. Some of the human bodies follow a complex motion that
with the traditional design approach is difficult to generate a similar motion as the
joint. Traditionally, exoskeletons are designed so that they align with the human
joint axes of motion [13], [16], [62]. This assumes that the location of the axis can be
accurately known. In addition, that such a fixed axis exists for the range of motion
of the joint or set of joints, which is not always the case. A clear example of complex
kinematic modeling is the thumb, for which precise detection methods such as MRI
segmentation [116] show that considering fixed rotational axes, especially for the
CMC joint, is not a good approximation; see also [22], similarly, the human shoulder
follows a complex motion that its center of rotation changes with its motion [61].
Which makes the alignment joints of the human with the exoskeleton more difficult
as the location of complex human joints change. In this thesis, a systematic design
approach is proposed with illustrative examples for the design of exoskeletons that
can follow the complex 3D motions of a human body. With this method, it is not

necessary to know the geometry of the hand or the targeted body, but rather to have



a description of its motion at the point of attachment.

In this proposed design methodology, the process is divided into two stages. The
first stage uses dimensional kinematic synthesis in order to create an articulated
system able to follow a specified motion. This stage defines, given the type and
number of joints and the loops of the mechanism, the relative position between the
joints; this specifies the workspace of the mechanism. Several methods exist for the
dimensional kinematic synthesis of linkages. Geometric constraints imposed by the
joints can be used to define design equations [83]; robot kinematics equations to
reach a set of positions can be stated and solved for both the joint variables and the
structural variables [77]. The geometry of the motion is exploited in the kinematic

mapping approach as in [56]. In our research, we follow [100].

In this thesis, to maximize the accuracy of the trajectory of the exoskeleton, a
new method of exact workspace kinematic synthesis is also developed. For the exact
workspace synthesis, the parameterized forward kinematics equations of each serial
chain is to be converted to implicit equations via elimination. The implicit description
of the workspace will be a function of the structural parameters of the serial chain,
making it easy to relate those parameters to a given algebraic surface. The solution
strategy for the remaining system of equations is to be assessed as a function of the
complexity of the equations obtained. For simple chains, algebraic solution has been
obtained and published in [11], however much more complex systems are expected

for exoskeletons and the solutions involve numerical solvers.

It is important to notice that any dimensional synthesis method used for the first
stage can be used to provide the input data (the joint axes and their connectivity) for

4



the second stage. The second stage deals with the optimization of the links to satisfy
a set of performance requirements. Many of these additional performances, such as
motion smoothness, obstacle avoidance, force transmission, or physical dimensions to
name a few, are fully or partially independent of the kinematic task. The optimization
stage has been successfully developed, implemented and tested in several mechanism
designs. It is a general method that can be used to optimize different topologies; such
as serial chain, closed linkages, linkages with tree structure and hybrid mechanisms
[137]. Preliminary results also published in [138].

The output from the optimization algorithm is used for CAD implementation. To
facilitate this implementation, a macro program is used to semi-automate the process
of modeling the joint axis and the linkages of the mechanism. This helps to have a 3D
visualization and simulation of several candidate solutions easily. The CAD model
is also used to check the response of different actuators and their placement in the

mechanism.

1.1 Background

Kinematics is the analytical study of the geometry of motion with respect to a
certain reference coordinate system without regard to the forces or moments that
cause the motion. Hence, within the science of kinematics, one studies the position,
velocity, acceleration, and all higher order derivatives of the position variables.

Manipulators are made of nearly rigid links which are connected with joints that
allow relative motion of adjacent links. The most common and primitive types of

joints are the revolute joint and the prismatic joint. The revolute joint allows rotary



movement between links, and prismatic joint allows linear movement (translation)
between consecutive links. Combining these two types of primitive joints, we can
create other joint types (Cylindrical, Universal, Spherical etc.) and many useful
mechanisms for robot manipulation and locomotion. These two types of joints are

simple to build and are well studied in engineering design.

The end-effector is the part mounted on the moving link to do the required job
of the robot/manipulator. It is the end- effector or tool that actually performs the
work. The arm and wrist assemblies of a robot are used primarily for positioning the
end-effector and any tool it may carry. The workspace of a manipulator is defined
as the set of all end-effector positions which can be reached by some choice of joint
angles. The workspace is used when planning a task for the manipulator to execute

all desired motions of the manipulator within the workspace.

In the study of robotics, description of the position and orientation of objects in
three dimensional space is required. To obtain this information a coordinate system,
or a frame is rigidly attached to the object. Then the position and orientation of
this frame are described with respect to a reference coordinate system. Since any
frame can serve as a reference system, a transformation technique or changing the

description of the object from one frame to another is required.

The number of degrees of freedom of a manipulator is the number of independent
position variables which would have to be specified in order to locate all parts of the
mechanism. The most commonly used criteria to find the mobility of mechanisms is

the Kutzbach — Griibler formula. For a robot with n number of links and j number



of joints with each joint allows f; degrees of freedom, the mobility is given by

M =6(n—1) —Z(G—fi) (1.1.1)

=1

Mechanisms that have zero or negative mobility when applying the Kutzbach —
Gribler criterion but have full cycle mobility with a special geometry are called
over-constrained mechanisms.

In order to analyze robotic systems, we need algebraic tools that relate the link di-
mensions and joints of the robot with the movement able to perform. Basically we
need descriptions for the position and velocity of the robot at its spatial configuration.
There are two kinematics approaches to describe the spatial configuration of a robot.
These are forward kinematics and inverse kinematics. Forward and inverse kinematics
of articulated systems studies the analytical relationship between the angular posi-
tions of joints and the positions and orientations of the end-effector. For the given
joint angles for the robot, forward kinematics finds the orientation and position of the
end effectors. Similarly for the given desired end-effector positions, the inverse kine-
matics finds the joint angles to achieve the given positions. For articulated systems,
forward kinematics problems are straightforward and there is no complexity deriving
the equations. Hence, there is always a solution for the forward kinematics problem.
Whereas, the inverse kinematics problem is one of the most difficult to solve. Since it
is comprised of a set of nonlinear simultaneous equations which might result existence
of multiple solutions, non-existence of a solution and singularities etc. Such problems

get worse with higher DOF mechanisms. Non existence of a solution occurs when



the target point is outside the workspace of the robot and when the target point is
coincide with the unreachable point within the workspace of the manipulator due to

physical constraints.

1.2 Design of Robotic Systems

Mechanism design for a robot is started by identification of problem requirements
such as the desired motion, allowed space, minimization of power consumption and
others. This stage is then followed by synthesis, which is comprised of topological or
structural synthesis and dimensional synthesis. The topological or structural synthesis
includes type synthesis that is combination of the different types of mechanisms for
the desired function: cams, gear-trains, linkages, etc, and number synthesis, which
is a decision about number, type and connectivity of the component parts for the
required degrees-of-freedom. Dimensional synthesis is the calculation of the significant
dimensions for each constituent member. For more information on the design of
robotic systems, see [122], [135], [105], and [32].

The synthesis is followed by analysis, which is the study of the motion of different
members constituting a mechanism, and the mechanism as a whole entity while it is
being operated or run [29], [31]. This study of motion involves linear as well as angular
position, velocity and acceleration of different points on members of mechanisms
etc. The analysis method could be graphical or analytical. The final stage is the
optimization, detailed design, test and experimentation. The first two stages of the
design process belong to the conceptual design and are of great importance due to

the fact that the time and design costs for the analysis, the optimization and the test



or experimentation depend strongly on the feasibility of the chosen concept.

1.3 Kinematic synthesis

Kinematic synthesis is the determination of mechanisms to fulfill certain motion
specifications. Spatial mechanisms are used in a great variety of robots and devices;
Several methods have been introduced for the kinematic synthesis of spatial mecha-
nisms [29]. Robots can be characterized based on the work space geometry, degrees
of freedom and based on their kinematic structures as serial, parallel, and hybrid
robots. Based on the type of the workspace, the structure and the degree of freedom
required, the synthesis approach and complexity may need to be different. Synthesis
of parallel robots has focused mainly on type or structural synthesis, using group
theory, screw theory, or geometric methods, see for instance [45], [8], [37]. Dimen-
sional synthesis examples exist, mainly for optimizing performance indices [51], [52],
[67] or for reachable workspace sizing [3], [74], [21]; see also [88] for a comprehensive
approach.

The dimensional synthesis of spatial serial chains for a prescribed set of positions
can be used for the design of parallel robots by synthesizing all supporting legs for
the same set of positions. There are a few examples of finite-position dimensional
synthesis of parallel robots in the literature, most of them do partial synthesis. Wol-
brecht et al. [127] perform synthesis of 3-RRS, 4-RRS, and 5-RRS symmetric parallel
manipulators. Kim and Tsai [68] and Rao [102] solve the partial kinematic synthesis
of a 3-RPS parallel manipulator. This method has been successfully applied mainly
to special parallel systems with imposed symmetry. In general, the method does not

9



allow the control of the final trajectory of the parallel system. In the most extreme
cases, it may yield a system with negative mobility, that can be assembled at each

task positions, but cannot be driven from task position to task position.

The kinematic mapping is used for the synthesis of planar and spherical linkages
in order to state design equations and to provide a tool for visualizing the workspace
and trajectories of the linkage. See Ravani and Roth [103] and more recent appli-
cations by Hayes [43], Schrocker [108] and Wu and Ge [130]. For spatial motion,
Study’s kinematic mapping is used to obtain simplified equations for analysis and
synthesis, see Husty et al. [56] and [18]. However, the kinematic image for the spatial
motion is a six-dimensional quadric and that makes the visualization of workspaces
and trajectories difficult for the designer. For the ease of tracking many points along
the trajectory in the workspace, a lot of work have been done using the combined

method of the kinematic synthesis and Optimization techniques [58], [121], [80], [110].

Most of the current and past literature focuses on the optimization for planar
mechanisms, in which the kinematic synthesis mostly approximate synthesis- and
the additional requirements are solved simultaneously. The focus in most of them
is in optimizing the desired trajectory or motion generation. Some commonly used
optimization methods for planar mechanism design are the least-square technique
with vector geometric and functional equations [28], the least-square technique with
assembly constraints [90], [57] and [41], with the use of loop equation techniques, [46],
[33], [95]. Other methods include geometric constraint programming [69], and genetic
algorithms ([20], [2]). In [112], the focus is on optimizing performance requirements.
Also see [136], [141] and [111].

10



For the optimized synthesis of spatial linkages, there is research being conducted on
using partial dimensioning to optimize some characteristics, for instance workspace,
isotropy and dexterity [117], [10], [5] or stiffness [67]. For a summary and literature
review of this approach, with its challenges and shortcomings, see [89]. The definition
of the characteristic length has also been used for the optimization of performance
parameters with disparate units, see [66]. In [6], Pareto-optimal solutions are found
for the optimization of kinematic and dynamic specifications. Several indices have
been defined for optimizing a spatial version of the transmission index [23] and the
optimization of motion/force transmissibility using screw theory [129]. The kinematic
mapping can also be used for optimization. This method, developed by Ravani and
Roth [103], has been used in [47], [43] to optimize dimension and type of a mechanism.
Optimization of spatial mechanisms using GA has been done in [9]. The work focuses
on the optimization of the link lengths to obtain a closer trajectory. In the case of
parallel robots [74], the focus has been to find parameters of the manipulator, whose
workspace contains the specified points. Kim and Tsai [67] present the optimization
of link lengths and some link position parameters for a 3-CRR parallel manipulator
in order to maximize the stiffness for a given workspace volume. In [79], kinematic
optimization is applied to optimize the structure of a spatial mechanism that can be

used for surgical robot.
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1.4 Research Contributions

This dissertation is devoted to develop a method for the design of exoskeletons

and spatial mechanisms. Its contributions are listed below.

e Introduce a systematic methodology for the design of exoskeleton devices. The
method is comprised of image acquisition, kinematic synthesis, optimization
and CAD modeling. The methodology is demonstrated with design examples.

See, [138],[139].

e A new optimization algorithm is developed to satisfy different link based ob-
jectives and constraints in the design of spatial mechanisms. The algorithm is
generic, which can be used for optimizing serial, parallel and hybrid robots. See

[140],[137].

e An exact workspace synthesis methodology is introduced. The method helps to
visually identify circuit defects and posible trajectories of the mechanism. See,

[14]

1.5 Organization of the Dissertation

The dissertation is organized as follow. Chapter 1 discuses the theme of the
thesis and literature review and back ground on mechanism design. Chapter 2 pro-
vides a mathematical background in kinematic analysis and synthesis. Chapter 3
presents a kinematic synthesis based methodology for the design of exoskeleton de-
vices. Chapter 4 introduces an exact kinematic synthesis approach to synthesis a
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parallel over-constraint mechanisms. Chapter 5 introduce a link based post synthe-
sis optimization method to satisfy additional objectives and constraints such as link
length, obstacle avoidance, force transmission and others. Chapter 6 presents a design
of an exoskeleton device used for measuring a finger joint angle. Chapter 7 presents
a design of a single degree of freedom spatial mechanism for thumb rehabilitation.

Finally, Chapter 8 presents conclusions and future works.
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Chapter 2

Kinematics Background

2.1 Kinematics Theory

Formulating the suitable kinematics models for a robot mechanism is very crucial
for analyzing the behavior of the manipulator. To control and program a robot one
must have knowledge of both its spatial arrangement and a means of reference to the

environment.

2.1.1 Spatial Displacements

A rigid motion of an object is a motion which preserves distance between points.
To describe a rigid body motion a coordinate frame is attached to it, in which the
coordinates of points of the body remain fixed. Every point can be given coordinates
with respect to a frame; In Figure 2.1, a point P has coordinates [Px Py Pz]’ when
measured in frame {F} and p = [p, p, p.] with respect to frame {M}. A displace-
ment is modeled as the change of coordinates from points expressed in the moving
frame {M} to points expressed in the fixed frame {F}.

14



{m}

{F}

(@)

Figure 2.1: Pure translation and rotation of a rigid body

Translation

During a translation, all points of the rigid body move by the same amount in
the same direction. If the direction and the magnitude of the translation are given
by a vector t, a point that had coordinates x in frame {F} before the translation, is

transformed to a point of coordinates X in the fixed frame {F} after the translation.

X=u+t (2.1.1)

Rotation

The most common way of representing rotations is by using matrices. The matrix
that contains the expression of the column vectors of the moving frame {x,y,z}

expressed in the fixed frame,

[B] = [z,y, 2] (2.1.2)

The matrix [R] defines the change in coordinates from points of the body expressed
in coordinates of the moving frame, to the expression of the same point in the fixed
frame. A point that had coordinates x (expressed in the fixed frame) before the

15



rotation, is transformed to a point of coordinates X after the rotation.

X = [R]z (2.1.3)

Rotation about one of the coordinate axes of the fixed frame is called Euler angle.
It adopts a very simple expression and it is also easy to visualize. The coordinate

rotations about axes X, Y and Z are given by the matrices.

X ()] =10 cosa —sina (2.1.4)

0 sina cos«

cos 0 sinpg
YB)I=1] o 1 0 (2.1.5)
—sinf# 0 cosf

cosf@ —sinf 0

[Z(0)] = |sin® cosf 0 (2.1.6)

A general finite displacement
A general finite displacement can be described as a composition of a translation and

a rotation. The expression of the general displacement for a composition of rotation
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by an orthogonal matrix [R] and a translation of a vector d is,

X =[Rlz+d (2.1.7)

A rigid body motion can be described using the tools of linear algebra and screw
theory. According to Chasles’ theorem [86] a general displacement in 3-dimensional
space is equivalent to a screw motion consisting of a rotation of angle # about and a

translation t along a line as Figure 2.2.

[R,d]

Figure 2.2: The screw axis, rotation angle and slide of a displacement

In the screw axis representation, we need to define six parameters: four to define
the direction and location of the line, and two to define the rotation and slide values.

The screw-angle is a very efficient way of representing a general displacement.

2.1.1.1 Homogeneous Transformations and Forward Kinematics
All standard transformations (rotation, translation, scaling) can be implemented

by matrix multiplications with 4x4 matrices called homogeneous transforms. Homo-
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geneous transforms are used to describe the coordinate transformation from a fixed
frame F located at the base to a moving frame M located at the end-effector of the
robot.

The kinematics equations define the position of the end-effector M of a robot in terms
of the coordinate screw displacements along the chain. The Denavit-Hartenberg con-
vention [86] is frequently used to assign reference frames to each link of the robot
defined as a series of joint axes denoted S;,7 = 1,...,n (Figure 2.3). In this conven-
tion, link coordinate frames are attached so that the z-axis is directed along the axis
S; and its x-axis is directed along the common normal A;j. This kind of assignment of
frames allows to define the 4 x 4 homogeneous transformation [D] that locates the end-
link of a spatial open chain as the composition of local transformations. Considering
r = (2,9, 2)T, to be coordinates in M and X = (X,Y, Z)T to be coordinates measured
in F, the screw displacement along a joint axis, S;, is defined by X = [Z(6;,d;)]z,

where,

cosf; —sinf; 0 O

sinf; cos6; 0 0
[Z(0:, di)] = (2.1.8)

Similarly, the screw displacement from one joint axis to another is a homogeneous

transformation along the X-axis by the amounts a;jand «;;, which is defined by
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X = [X(ayj,a)]z , where,

[X (v, ai5)] =

(2.1.9)

Figure 2.3: A serial chain with its joints[86]

instance, [Z(0;,d;)|™* = [Z(—0;, —d;)]. The set of all positions reachable by the robot

is defined by its kinematic equations as the set of all homogeneous transforms [D]
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from the base frame to the end-effector frame,

[D] = [G]1Z (01, du)}[X (an2, a12)][[Z (02, d2)]..[ X (atn-1,n Gn1,0)][Z (On, dn )] [ H]

(2.1.10)
where the homogeneous transformations [G] and [H] are the coordinate transforma-
tions from the base frame to the first joint axis and from the last joint axis to the
end-effector frame, respectively. Equation (2.1.10) defines the kinematic equations of
the open chain. Which is the representation of the workspace parameterized by the
joint variables, (6;,d;), and the link dimensions, («;;, a;;). The workspace can also be
described by using relative transformation matrices if we choose a reference position

[Dp]. The relative motion with respect to a reference configuration[Dy], is given by

[Doi] = [Di][Do] .
[Doi] = [Di][Do] ™" = ([G1[Z (01, dvi))--| Z (Oniy i) [H]) ([G][Z (610, d10)]..[ Z (Ono, dno)] [H]) ™
(2.1.11)

The relative displacement equations take the form

[Du(A6,)] = [T(A;, $1)][T(A6y, S5)]...[T(A6,, S,) (2.1.12)

The displacements [T'(A#;, S;)] are the relative rotations and translations along the
joint axes of the robot from the chosen reference configuration.
The matrix exponential form

The kinematic equations can also be expressed in the matrix exponential form [86].
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Let the two transform matrices be [Z(0;,d;)] and [X (41, 0::41)] and the screws
defined for these two matrices be K = (k,vk) and I = (I, \l), where v = d;/6; and
A = a; 41/ 41 are their respective pitches. Thus, they can be related by equation

(2.1.13).

[Z(eb dl)] = /K

[X(Oémq_l, ai7i+1)] = 6%’”1[ (2113)
The kinematic equation (Equation 2.1.10) becomes
[D] = [Geh ezl ek | eon—1nl bnK ] (2.1.14)

The forward kinematics of relative displacements (with respect to a reference position)
can be expressed as the composition of Clifford algebra elements [99]. Let 6y and dy be
the joint parameters at the reference configuration, so we have A= (0 —0+e(d—dy)).

The movement from this reference configuration is defined by
Q) = AFHARS A (2.1.15)

Dual Quaternions

The most common methods to represent rigid body orientation and translations in 3D
are Matrices, (Euler-Angles + Translation), (Quaternions + translations). However,
recent study shows that dual quaternions are more efficient in terms of interpola-

tion, computational speed, and mathematical robustness, for detail comparison and
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introduction see [64]. The workspace of the robot can also be calculated by using

the Clifford algebra of the dual quaternions [85]. Dual quaternions capture the basic

information contained in the transformation matrix, that is, the axis of rotation and

the value of the rotation angle about the axis and the translation along it. For the

given screw axis of the transformation S = s + €S°, where €2 = 0, s and S° are the

direction and moments of the axis respectively, the general displacement using dual

quaternions is expressed as Equation 2.1.16:

( 3\

~

sin(0/2)S,

~

sin(0/2)S,

~

sin(0/2)S,

~

cos(60/2)

The conjugate form of the dual quaternion (equation 2.1.16) is:

(

\

—d

where, cos(%) = cos(%) + e(Ssin(4)), and sin(4) = sin(%) + e(cos(9))

\ /

~

—sin(0/2) S,
—sin(0/2) S,

~

—sin(0/2) S,

~

cos(0/2)
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2.2 Kinematics Synthesis

The synthesis equations for a spatial linkage are obtained from the kinematic
equations. If the matrix exponential form is used in the kinematic equation, the
unknown design parameters will be the coordinates of the joint axes S;,i =1, ..., n.

The exponential of the screw defines a unit dual quaternion, corresponding to a
relative displacement from an initial position to a final position in terms of a rotation
around and a slide along axis S.

For a serial chain with n joints, with joint parameters A© = (0 — Oy + (d — dg)e)
around and along the axis S;, i = 1,...,k, the product of exponentials defines the

relative workspace from a reference configuration,

D(A®) = cos % + sin %S e (2.2.1)

It is immediate to find the screw axis S, magnitude and pitch from this expression,

~

P S NN
sin 2S = (sin 5 + € Cos 2)S =sin (1+ Etan%)s’ (2.2.2)

so that the finite-screw relative workspace is a set of screw axes with magnitude sin %

and Parkin’s pitch tt% The value of the magnitude is unique and can be calculated
an b}

using the scalar part of the forward kinematics, see [50].
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Design Equations for a Serial Chain

For a given set of task positions ([FP;j],j = 1,...,m), the goal is to find the dimensions
of the serial chain that can position the end-effector at the given set of task positions.
In other words, for each position [F}], there is at least one joint parameter vector
; and a set of structural parameters such that the kinematic equations of the chain
satisfy the relations.

(P] = [D6;)),i=1,..,m. (2.2.3)

Consider [P], the first position, as the reference position and compute the relative

displacements [P;|[P;'] = [Py;],j = 2, ...m and express them as the unit dual quater-

nions, f’lj = cos% + S'én%Plj,j = 2,...,m.The dual angle lej define the rotation

about and slide along the axis P;; that defines the the displacment from the first to

the j'" position. The (m — 1) relative displacements of the serial chain is given by

Aby; A

Aél»
= So 5
...

f’lj:e 7 T3 4

i=2,...,m. (2.2.4)

The problem will have 8(m — 1) design equations. The unknowns are the n joint axes

Si,i=1,...,n, and the n(m — 1) pairs of joint parameters Aéij = Ab;; + Adje.
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Chapter 3

Methodology for the Design of

Exoskeletons

This chapter is focused on developing a systematic approach for the design of ex-
oskeletons that could be used as an instrumentation, rehabilitation device or other
uses. The method is comprised of several stages such as vision systems for data col-
lection, Kinematic synthesis, Post-synthesis link based optimization, CAD modeling

and prototyping.

3.1 The Design Process

A new methodology is followed for the design of exoskeletons. In this method, the
input is the human motion captured using vision-based or similar systems. Finite-
position kinematic synthesis yields a set of exoskeletons that can follow the desired
motion. Parallel robots are used as input topology due to their higher robustness,
high payload, and lower degrees of freedom. Using a link-based hybrid optimiza-
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tion routine, the exoskeleton is then further optimized to ensure motion smoothness,
obstacle avoidance and optimum physical dimensions. The general design process

scheme is shown in Figure 3.1
Motion Path
Capture Selection
Mechanism
Type Synthesis |

Kinematics
Synthesis

-

Link-Based
Optimization

CAD
Modeling

Prototyping
ﬁ

Figure 3.1: The general design methodology
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3.2 Human Motion Capture

The desired task has been traditionally specified as a set of finite precision po-
sitions that the end-effector of the kinematic chain should pass through [7]. Recent
research efforts are directed towards the use of full trajectories [19] or regions of
the space that define the workspace. For robotic systems designed for anthropomor-
phic tasks, the human motion is usually captured with video cameras [4] or infrared
technology, as demonstrated in [113]. In this research, the human motion data are
acquired using high speed cameras and a Vicon motion tracking system.

The set up for the infrared cameras were set around the room, primarily for larger
applications; however it worked very well for the hand motions too. The markers
that are used in the system are small white balls that reflect the infrared light. For
instance, for one of the thumb exoskeleton design example in this thesis, arrays of
markers placed 1.25 inches apart are used, making it easy to collect data in the three
dimensions. In order to assess the exact location of the fixed link with respect to the

hand, additional sets of sensors are placed on the arm, see Figure 3.2

Figure 3.2: Markers placed in the thumb and data capture setup

The data obtained from the markers are used to estimate the pose, which consists
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of the position and orientation of the targeted part of the human body. An important
aspect of this setup is the geometry of the markers. The geometry of a marker affects
directly its performance and usability in computer vision applications. The several
experimental paths so obtained can be separated for clarity. The pose, obtained from
this stage will be used as an input to the kinematic synthesis, in which the design
equations are formulated for the selected linkage to fulfill the desired workspace of

the human motion.

3.3 Kinematic Synthesis

Kinematic synthesis of articulated structures is a promising field for the design of
complex systems. For instance, the biomechanics design to rehabilitate human hands
is usually an important and complex task, especially when the mechanisms attempt
to simulate dexterous fingers with multiple joints actuated. The approach here is
that, having the finite positions of the tip of the target body using the computer
vision system, a kinematics synthesis will be performed so that the new mechanism
can mimic the body motion with a less degree of freedom mechanisms. Kinematic
synthesis theory allows to create exoskeletons able to perform a desired motion with-
out regard of the anatomic kinematic chain that is producing the motion. It is known
that, as the number of joints of a serial kinematic chain increases, the number of real
solutions, that is, of possible chains able to perform a similar task, increases very
rapidly [100]. This multiplicity of solutions helps in selecting a design that can be
made compatible with the anatomy of the user.

Kinematic synthesis is traditionally divided into two steps [42]: structural or type

28



synthesis, and dimensional synthesis. In type synthesis, the topology of the chain
(that is, number and type of joints and connectivity between them) that better fits
the task to be performed is selected. The dimensional synthesis step has both the
mechanism topology and the desired task as inputs, and yields the dimensions and rel-
ative location of the mechanism in order to exactly (exact synthesis) or approximately

(approximate synthesis) perform the task.

3.3.1 Type synthesis

The selection of the topology, determines the motion of the robot to a great extent.
Systematic approach of type synthesis lead to the invention of new mechanisms. For
type synthesis, many researchers were used the Grubler’s equation for general mobility
and connectivity in the mechanism [55], [30], [81]. However, this general mobility
equation do not consider the geometric properties of the mechanisms, as a result, it
fails to describe mechanisms in singular configurations in which the mobility is affected
by the specific geometrical relations between the joint axes. Current techniques to
relate topology to workspace use of group theory, Lie algebra and screw theory [78],
[131], [53], [72], [73] See also [37]] yield good results to characterize subgroups of
rigid motion. However, these methods cannot be extended to more generally-shaped
subsets. In this research, a possible way of selecting the type of the mechanism is
addressed but not fully developed. The method is to approximate and compare the

workspaces of the required task with the candidate mechanisms.
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3.3.2 Dimensional synthesis

In order to follow as closely as possible the whole task trajectory, approximate
dimensional synthesis is used. In this case the obtained exoskeleton will not, in gen-
eral, match the trajectory exactly, but rather the approximation can be controlled
by minimizing the distance between the desired task and the trajectory of the ex-
oskeleton. It is well known that there is no haar measure for spatial displacements,
however in the case of an exoskeleton application, we can consider that the fixed

frame is anthropocentric in all cases.

Depending on the type of the mechanism i.e, serial chain or parallel, the design
equations are formed, in both cases the forward kinematics equations as the set of all
positions reachable by the robot is defined by a transformation from the base frame to
the end- effector frame. In the parallel robots, in addition to the forward kinematics

we may impose loop equations as a constraint to be satisfied.

The position and orientation of the end effector of a robot are defined in terms
of its joint parameters and physical dimensions by the kinematic equations. Most
researchers use Denavit-Hartenberg formulation to assign the local joint coordinate
frames to define the kinematic equations [26], [119]. In this research, instead of the
Denavit-Hartenberg parameters we use matrix exponentials [92] to define the 4 x 4
homogeneous transformations. This kind of formulation gives the coordinates of the
joint axes explicitly in the kinematics equations. The joint axes are expressed as
lines using the Plucker coordinates. The plucker coordinates of an axis S are given
by S = s + €SY where €2 = 0, the first three-dimensional vector, s, is a unit vector
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defining the direction of the axis and S” is the moment and is obtained as the cross
product of a point on the axis, C, and the direction s.

The synthesis equations for a robot are obtained from the kinematic equations. If
the matrix exponential form is used in the kinematic equation, the unknown design
parameters will be the coordinates of the joint axes S;,i = 1,...,n. Equation 3.3.1

defines the workspace of the robot,

~ a j j A
D(A®) = e TSI S L TSk, (3.3.1)
Thus, for the given set of task positions ([F;],j = 1,...,m), the kinematic equations

of the chain satisfy the relations.

(P] = [D(6;)),i=1,...m. (3.3.2)

3.4 Post-Synthesis Optimization and CAD Imple-

mentation

In the design of spatial linkages, the finite-position kinematics synthesis gives the
position of the joint axes in space. Most of the tasks have additional requirements
regarding motion smoothness, obstacle avoidance, force transmission, or physical di-
mensions, to name a few. Many of these additional performance requirements are fully
or partially independent of the kinematic task and can be fulfilled using a link-based

optimization after the set of joint axes has been defined.
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An initial implementation of the spatial linkage can be obtained by drawing the
links at the common normal lines between consecutive axes. Manual adjustment of
the links can be performed by using the CAD model. This is done by plotting the
screw axes obtained from the synthesis and then modifying the links by sliding the
anchor points as shown in Figure 3.3. A simplified method is developed in a CAD
environment to facilitate this modification. This procedure can give a mechanism
which is out of a constrained region for a given configuration, or it can help reduce
the length of some of the links; however, due to the high degree of nonlinearity and
difficulty of visualization of spatial linkages, this process is time-consuming and does
not grant an optimized solution. In this work it is shown that a better solution may be
obtained for some of the requirements if the link-sliding operation as an optimization

problem is performed.
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Figure 3.3: CAD model for manual adjustment and optimization; Sliding anchor
point from (a) to (b) and from (c) to (d)
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In this research, the optimization algorithm is developed and tested to account
for different issues that arise in spatial mechanism design. The method is based on
considering the links as anchored to sliding points on the set of joint axes, and making
the additional requirements be a function of the location of the link relative to the two
joints that it connects. The optimization of this function is performed using a hybrid
algorithm, including a genetic algorithm (GA) and a gradient-based minimization
solver.

The combination of the kinematic synthesis together with the link optimization
developed here allows to interactively monitor, control and adjust objectives and

constraints, to yield practical solutions to realistic spatial mechanism design problems.

3.5 Exoskeleton Design Examples

Based on the outlined design methodology, a lightweight single-degree-of freedom
mechanism has been designed for following the paths of the thumb during simple
pinch and grasping movements. The complete exoskeleton device consists of two
separate single degree-of-freedom exoskeleton mechanisms: one for finger curling mo-
tions, whose design was presented in [126], and one for thumb motions, presented in
this thesis (see chapter 7). The resulting robot will be able to assist in common, nat-
uralistic finger and thumb motions. As such, the therapy delivered should translate
to a wide range of functional tasks, even if the degrees-of-freedom of the robot are
minimal.

The methodology used in the design of exoskeletons for rehabilitation application is

extended to design a novel exoskeleton based finger join angular sensor. To relate the
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surface EMG signals to the finger motion, and also for gesture recognition, researchers
have been using data gloves and expensive infrared sensors [82]. These devices tend
to be expensive and affected by noise; in the case of glove devices, the fitting greatly
influences the measurement error [71]. In addition, the accuracy of the result de-
pends on a faithful underlying hand model, which is a complex problem on its own
[116]. The exoskeleton based sensor in this thesis presents a simple and cost-effective
mechanism for the estimation of the angles of the carpometacarpal (CMC) joint of
the index finger. The design strategy includes vision system and image processing
coupled with kinematic synthesis techniques. The kinematics synthesis procedure and

experimental setups are presented in chapter 6.
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Chapter 4

Exact Workspace Synthesis of

Spatial Linkages

This chapter presents an exact-workspace synthesis method for spatial mechanisms.
Here, the workspace of the linkage is visualized as a set of finite screws correspond-
ing to the set of finite displacements of the end-effector. One interesting question is
whether the finite-screw surfaces generated by a set of task positions can give any
information for the synthesis of parallel robots and, in particular, of some overcon-
strained closed linkages. Using Parkin’s definition for pitch [96], the screws corre-
sponding to finite displacements of some linkages can form screw systems. Huang
[48] showed that the single RR chain forms a finite screw system of third order;
however, the set of finite displacements of the coupler of the Bennett linkage form a
cylindroid, which is a general 2-system of screws [49]. Baker [12] has also studied the
motion of the Bennett linkage. Perez and McCarthy [97] used two arbitrary displace-
ments to generate the cylindroid of finite screws associated to the Bennett linkage in
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order to perform dimensional synthesis. In this thesis, the exact workspace synthesis

methodology shown at Figure 4.1 is followed.

The methodology is implemented in the synthesis of RCCR linkage, an overcon-
strained mechanism with mobility one. The implicitization of the algebraic equations
of the workspace of relative displacements yields a circular cylinder that can be shaped
using a set of finite positions. This simple case, in which the workspace has a con-
stant orientation, is a building block towards a more general methodology for the
exact workspace synthesis of spatial linkages. The following subsections present the

detail procedure of the RCCR mechanism synthesis.

4.1 Exact Workspace Synthesis for RCCR linkages

The closed RC-CR linkage is overconstrained and able to move with one degree
of freedom [124] when the cylindrical (C) and revolute (R) joints of each pair are

parallel, while both pairs are skew one to each other, see Figure 4.2.

For arbitrarily-positioned axes, the mobility of this spatial four-bar linkage is,
using CKG formula, equal to zero. However it is possible to obtain a one-dof linkage

for some special geometry.

The geometric features and the joint variable functions can be derived, for in-
stance, by equating the forward kinematics of both RC serial chains at their end-
effector [124]. According to the coordinate frame shown in Figure 4.2, and applying
the needed condition of parallel axes, that is, &y = ag = 0, the forward kinematics of
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Figure 4.1: Methodology for the exact workspace synthesis
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Figure 4.2: RCCR linkage

both RC chains 1-2 and 4-3 are,

c(01+02) —s(01+ 0x)car  s(01 4 02)sas  asc(bh + 02) + arcbh

(01 +62) (01 +6x)car  —c(01 4 02)san  azs(01 + 02) + a1s6;

[DRC’I] = )
0 Sup e T2
0 0 0 1
] (41
c(03 + 04) s(03 + 04) 0 —aszcly — ay
—5(03 4+ 04)cay (054 O)cay  say  —r3saq + aszsbycay
[Dres] = ;o (41.2)
s(03 +04)scs  —c(O3+6s)sas cay —rscay — azsbisay
0 0 0 1

where s and ¢ stand for the sin and cos functions respectively.
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Some geometrical constraints and angular relations are obtained from equating

these two transformations,

COS (g = COS vy =—> iy = Tt g,
cos(bh +62) =£1, sin(by+602) =0= 0, =nxm — b,

cos(f3 + 04) = £1, sin(fs+6,) =0= 03 =nxm — b4, (4.1.3)

in which the directions of the fixed joints are parallel to the directions of the moving
joints, with coupled rotation angles. We can also derive the following joint variable

relations:

+ay — a4 — aq cos 6y

)

a1 sin @, — as cos oy sin B, ay cos oy sinf; — assin b,
Ty =
)

0, = + arccos(
as

(4.1.4)

T3 =

sin oy sin oy

4.1.1 The Workspace of Finite Displacements of the RC-CR
Linkage

We denote the RC chain with parallel axes and angles #; = —60; a parallel RC
chain. For solving the design problem, it is advantageous to compute the workspace
of relative displacements with respect to a reference configuration. The reference
configuration can be arbitrarily selected, with Ary = ry —rog and A#; = 6; — 6;9. The
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workspace of relative displacements a parallel RC chain is

f) :é(A91)é’(A92, A’f’g)

1
=1+ €§(AT251 + (cos Af; — 1)(cy — ¢1) — sin Afy(cy — ¢1) X sl), (4.1.5)

where E(Ael) is a rotation about an axis with Plucker coordinates S1, and C' (Aby, Arg)
is a rotation and a translation about and along an axis with Plucker coordinates S,.
Both axes share the same direction s; and their rotations are Af; and Afy = —Abq;
the points c¢; and ¢y are any points on the axes along a common normal line. Notice
that the relative displacements have no change in orientation, so that the chain has
a constant-orientation workspace.

The workspace of relative translations for the RCCR linkage is given by the inter-
section of the workspaces of two parallel RC chains. Figure 4.3 shows the workspace

of a parallel RC chain and the intersection workspace for two chains.
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Figure 4.3: Workspace of relative displacements for the parallel RC chain, left; for
the RC-CR linkage, right.
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In order to characterize the workspace of the parallel RC chain, we perform im-
plicitization in Eq.(4.1.5) to eliminate the joint variables #; and 75. The elimination

yields a quadratic surface of expression

Q(w,y,2): (si, +sT.)2” + (s1, + s.)y” + (57, + 57,) 2
— 2512814 TY — 25155102 — 251y81,Y2 + C212T + Co1yY + €212 = 0,

(4.1.6)

where (z,y, 2) is a point of the R? space of relative translations, s; = (14, 14, $1.) 18
the direction for both joints, and c21 = c2 — ¢1 = (€214, C21y, €212) is the vector along
the common normal between both joints.

This surface is classified as a circular cylinder, with radius R = ,/c31 - ¢21 and
passing through the origin, which corresponds to the zero relative displacement. The

intersection of two such circular cylinders yields a quartic curve which is the workspace

of the RCCR linkage.

4.1.2 Dimensional Synthesis for the RCCR Linkage

The workspace of the RCCR linkage is a constant-orientation curve, and hence the
synthesis problem can be reduced to a point-path synthesis problem. The point-path
synthesis problem is stated as follows: given an initial point Py (which we will use
as reference configuration), relative displacements of the RC-CR chain will move this
point to the rest of task points Py, P3, ..., P,,.

The action of the chain on this point can be calculated using one of the conjuga-
tions in the Clifford algebra. If the forward kinematics of relative displacements of
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Eq.(4.1.5) is denoted by D = 1+ ed, then
P, = DPD*, i=2,...,n, (4.1.7)

where P, = (1 + €Py) is the dual quaternion expression of the point P, and the

conjugation yields

(1+ e%d)(l +eP)(1+ e%d) 1+ ¢(P; + ) (4.1.8)

Notice that this is equivalent to equating the relative translations, d = P, — P,

fori=2,...,n.

Let us consider the case of the parallel RC chain, in which the values of #; and
ro are independent. This results in 3(n — 1) design equations, with the structural
variables s; and co; = ¢co — ¢; and the joint variables ro and 6, for each point, for a
total of 4 + 2(n — 1) unknowns. Up to n = 5 point-positions can be defined in order

to do exact point-path synthesis.

The standard finite-position synthesis technique equates the parameterized expres-
sion of the translation workspace to the task relative translations. However in this
case, the implicit equation for the workspace has a simpler expression as a function

of the chain structural parameters.

The four relative translations P;, ¢ = 2,...,5, are used to shape the circular
cylinder, and define the parallel RC chain that creates the motion. The system of
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design equations consists of six quadratic equations in six unknowns,

Q(PZ) = 07 L= 27 3747 5a

S1 81 = 1,81 - Co1 = 0, (419)

which are easy enough to be solved using algebraic techniques. There are at most 6

different solutions.

4.2 Example and Results

The task points used in this example are presented in Table 4.1. The system of
equations (4.1.9) yields four real solutions, presented in Table 4.1, which can be assem-
bled in pairs in order to create RCCR linkages. The number of different workspaces

obtained are six.

Table 4.1: Goal points and solution RC chains
Point Coordinates
P (2.31,3.84, —1.08)
Py (0.34, —2.81,0.89)
Py (2.21,—-3.47,0.63)
Py (2.18,3.77, —2.66)
P | (—1.22,—1.42, —2.22)
Solution S1 Cy—Cp
1 (—0.09, —0.04, —0.99) | (0.03,7.38,—0.30)
2 (—0.54,0.42, —0.73) (3.86,5.19,0.15)
3 (—0.10,0.99, —0.08) | (4.11,0.51,1.22)
4 (0.54,0.84,—0.03) | (—4.32,2.85,1.82)
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Figure 4.4: Three of the six RCCR workspaces with the task points



The solution workspaces for the parallel RC chains can also be intersected pairwise
in order to create workspaces for the RCCR chains. The workspace equations can
be used to visually assess the trajectory of the linkage and also to check for circuit
defect. Figure 4.4 shows three of the six possible combinations for this example,the
figure shows that all the four points lie on the intersection of the relative workspace

of each chain, that is all the points lie on intersection of the two cylinders.

4.2.1 The absolute displacements workspace

A similar procedure is followed to characterize the workspace of the absolute
workspace and it is found to be an elliptic cylinder. The reference configuration to
reach point 1 is solved with arbitrary orientation. In that transformation, S is the
direction and S0 is the moment of the screw axis of the displacement.In order to do so,
there are some of the variables that will be specified, and some that will be arbitrary.
Basically we have specified the origin of the end-effector frame, while the rotation is
arbitrary and can be pre-selected. In any case, we are equating displacements, not
points. As the change in orientation is zero, the dual part of the displacement is going
to be the point /2. Figure 4.5 shows that the workspace of the absolute transformation
of the RC chain, which is an elliptic cylinder and all the five points lie on the elliptic
cylinder. Figure 4.6 shows the intersection of the two elliptical cylinders, and the

points
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Figure 4.5: The absolute work space of the RC chain with points on the surface
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Figure 4.6: The absolute work space of the RCRC
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Figure 4.7 and 4.8 show the CAD model of two exact workspace solutions of RCCR
spatial mechanism. Out of these solutions, it is clear that in Figure 4.7, there is a
circuit defect; that is the mechanism require different configuration to reach all the

desired points.

Figure 4.7: RCCR linkage created with chains 2 and 3, showing one of its circuits.

Figure 4.8: RCCR linkage created with chains 2 and 4, showing one of its circuits.
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The following section addresses the preliminary results approaches of the RR-RR

chain spatial mechanism.

4.3 Workspace of RRRR linkage

The mobility of this spatial four-bar linkage using CKG formula is equal to nega-
tive two, however with spatial positioning of the axis this mechanism is able to move
with one degree of freedom. The workspace of the two RR chains of the mechanism
are studied separately and the intersection of these two chains give us the whole

workspace of the RRRR spatial mechanism.

4.3.1 Workspace of the RR chain

The RR chain is a two degree of freedom mechanism consist of two revolute axes,
let these axes be S; and S5. The rotation about S; and Ss are 6; and 65 respectively.
The quaternion representation for the relative displacements of the chain given by

the composition of displacements is given by 4.3.1

Qrr = S1(01)52(62) (4.3.1)

In this synthesis we are focused on the point or translation workspace. The point
workspace, which is parameterized by joint variables 6; and 6, for a randomly gener-
ated axis looks like Figure 4.9. It looks like a twisted hyperbolic paraboloid.
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Figure 4.9: Plot of the workspace of relative translations of a randomly-generated RR
chain

4.3.2 Implicitization of the relative transformation of the RR

cahin

In order to assess whether the parametric equation of the RR chain is a hyperbolic
paraboloid or any other shape in general, we perform implicitization using Grobner
bases to eliminate the parametric variables. The equations are created in 3D space
X = [z,y, z] that is X is equal to the relative forward kinematics of the chain. Then
the sin and cosine terms are converted in to their rational expressions. Once the
parameters are homogenized, elimination is applied to get rid of other terms and
to obtain the desired equation as a function of z,y and z. The expression of the

implicitized version of the relative workspace obtained through the above procedure
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is too long to put it here. The implicitized equation confirmed that is a quadratic
surface. The independent term in this quadratic surface is zero, indicating that zero
belongs to the quadric. This is correct because the zero relative displacement is always
a point on the quadric. According to the counting, this quadric needs 8 points, which
means there is only one relation among its coefficients. To classify the surface, the
classification scheme at [125] is followed. The RR chain with general axes and angles
requires n = 9 absolute, n = 8 relative points for the point-path synthesis, therefore
we have equal number of equations as the number of unknowns, which we can solve

it easily in any numerical solver.

4.4 Summary

The exact workspace synthesis method helps to visually assess the trajectory of
the linkage and to inspect circuit defect along the trajectory. However, the method is
computationally expensive to find the algebraic solution for some mechanisms. The

computation becomes more challenging for higher DOF mechanisms.
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Chapter 5

Link-based performance

optimization of spatial mechanisms

5.1 Introduction

The finite-position kinematic synthesis methods yield a linkage able to reach a set
of specified positions. In the case of planar linkages, the links are usually located in
parallel planes perpendicular to the joints, which defines their geometry to a great
extent. In the case of spatial mechanisms with general relative position between joints,
such as those obtained from spatial kinematic synthesis, the geometry and properties
of the links can be greatly modified by just sliding the joint location along the joint
axis. Notice that this operation does not modify the trajectory of the linkage.

The actual geometry and location of the links have important consequences for
the performance of the linkage, including but not limited to linkage size and occupied
space, self-intersections and obstacle avoidance, friction at the joints and other force
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transmission issues.

In most literatures, the optimization is performed to account for additional re-
quirements and to perform approximate synthesis simultaneously. This approach has
only been applied to simplified geometries, such as symmetric or planar mechanisms;
the additional requirements are mostly joint-related. No general synthesis plus link
optimization method exists to our knowledge, possibly due to the very high com-
plexity of the resulting system of equations. We claim that an optimization method
for general spatial mechanisms to treat the synthesis and additional requirements
independently is a good solution, both from the computational and from the user

interaction and assessment point of view.

In our design methodology, the design process is divided into two stages. The
first stage uses kinematic synthesis in order to create an articulated system able to
follow a specified motion. The second stage, which is the focus of this chapter, deals
with the optimization of the links to satisfy a set of performance requirements. The
optimization is performed using a genetic algorithm (GA) together with gradient-
based minimization. The GA creates a grid of iterative points and keeps only those
under a certain objective function value with respect to the previous iteration, then
the output from the GA is used as an input for the gradient-based minimization
to get into a global minimum point. The optimization approach is illustrated on
three examples: a spatial, one-degree-of-freedom CRR-RRR closed linkage, a Bennett

linkage, and a three-fingered robotic hand.

The results show that the modification of the links along the joints leads to dra-
matic changes in the final design and performance of spatial mechanisms.
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5.2 Link-Based Optimization

The input for the link-based optimization process is taken from the output of
a previous kinematic synthesis process. The synthesis step yields a set of structural
parameters that can be, depending on the synthesis methodology used, a set of points
or vectors defining the axes if loop equations or geometric constraints are used [93],
Denavit-Hartenberg parameters [94], [?] defining relative position between joint axes if
forward kinematics equations are used, etc. In any case, those design parameters can
be used to compute the Pliicker coordinates of the joint axes at a given configuration.
The selection of reference configuration is arbitrary; usually the first task position
is used to define it. For instance, for an n-jointed linkage, the input data for the

optimization stage is the set of joint axes

{S;=s;+es)}, i=1,...n, (5.2.1)

where s; is the unit direction vector for axis S;, s is the moment of the axis, obtained
as the cross product of a point on the axis and the direction s;, and € is the dual unit
such that €2 = 0. For some methods to compute the Pliicker coordinates of the joint

axes from other structural data, see for instance[34].

5.2.1 Optimization problem formulation

In the optimization, the variables considered are the sliding parameters that define
the anchoring points of the links on the joints. An objective function and additional
constraints that can be written as a function of these sliding parameters in order
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to fulfill a set of requirements are considered. Figure 5.1 shows how the optimiza-
tion process fits on an overall design strategy for spatial mechanisms. An objective
function is defined as the first step in the optimization process. The selection of the
objective function depends on the requirements of the design, and the only condition
is for it to be a continuous function of the sliding parameters. Some of the possible
objective functions include minimizing the overall length of the mechanism, which
may help decreasing material usage, weight, inertia and overall space occupied by the
mechanism; minimize friction at the joints, which helps the overall efficiency of the
linkage, etc.

The sliding parameter ¢;; is defined on joint axis S; and it defines the anchor point
of link 75 along the joint axis. The formulation used to create the objective function
and additional constraints using the sliding parameters is as follows: let C; be the
point on the joint axis S; at which the line from the origin intersects the joint axis
S; at a right angle, see Figure 5.2. Let F;; be a point on the joint axis S; as defined
in Figure 5.2, and ¢;; the corresponding distance to F;; from the point C; along the
direction of the axis. For a similar formulation used to detect self-intersection, see

[65]. Point C; can be obtained using

s
C, =225 (5.2.2)

S+ S;

Then P;; is expressed with respect to C; as follows,

Pij=C;+tysi i=1,...,n (5.2.3)
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Figure 5.1: Overall design strategy. Link-based optimization stages are shown inside
the broken lines

Notice that in F;;, the subscript ¢ indicates that the point lies on joint axis S;,
while the second subscript j indicates that it also belongs to the line linking joint
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axis S; with joint axis S;. For a single-loop closed mechanism, two points need to be
defined on each axis in order to specify all links, see Figure 5.2 (a). For a serial robot,
two points are defined in each of the axes except for the first axis. If the distance to
the reference frame is a parameter of interest, the first point C'; could be also included

in the optimization as P.

(b)

Figure 5.2: Joint axes for two spatial mechanism topologies:(a) A closed linkage,
CRR-RRR; (b) A linkage with a tree structure, 3R-(2R,2R)
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The objective function is formulated to minimize the overall length by considering
the offset distances along the joint axes, the lengths of the linkage between each pair
of connected axes, as well as the length of the links to the end effectors. For example
for a closed, n-jointed mechanism, the objective function is a quadratic function with
2n variables (the scalar slides ¢;;). A mechanism can have multiple end effectors,
like the one in Figure 5.2 (b); in that case, distances to each of the end effectors are
also included in the objective function. For instance, equation (5.2.4) is an objective
function with m number of of end-effectors, where point Pp; is one point in the end-
effector D and point Pp; is a point on axis j, and the line joining both points defines
the last link on that branch. Assuming that the joints are numbered consecutively,

the objective function is stated as

F= < Z ((Piviﬂ —Pii1).(Piit1 —Pii1)

i=1( mod n)

+ (Pit1i — Pii1).(Piy1i — Piiy1)) (5.2.4)

+> (Pp; —Pjp).(Pp; — PjD))
7=1

Using this notation, we consider Sy to be the joint “previous to the first one”. For
serial chains, that defines a ground link from the reference frame, while for closed
linkages, the last joint axis is the one denoted as Sy, creating a ground link between

the last and first joint.

Another possible objective function can be formulated as shown in Equation

(5.2.5), used to optimize the efficiency by minimizing friction for a linkage with rev-
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olute joints by imposing a certain angle of incidence of the links on the joints.

- Pji — Py
F = ( > (7( J i) sj)2) (5.2.5)
i=1( mod n) ||Pﬂ B PZJH
Several requirements could be optimized simultaneously by using multi-objective
optimization [134],[44], however in our case adding additional constraints to create a

constrained optimization solves the problem efficiently. The derivation of additional

constraints is shown in next section.

5.2.2 Additional Constraint Functions

Depending on the application, the design of a mechanism may need to simultane-
ously meet various geometrical constraints and manufacturing criteria. The link-based
optimization algorithm developed in this research allows the definition of a number
of linear and nonlinear constraints to satisfy link dimensions, obstacle avoidance, re-
duction of friction loads and manufacturability constraints. In this section we show
how to formulate the constraints as a function of the sliding parameters so that the

change of the link location and dimension allows satisfying those criteria.

5.2.2.1 Link length and joint offset constraints

For many practical cases, link size constraints are required [44]. In the case of
offset length, the distance between Pj; and Py, is set to be greater than or equal to a
constant value d, in order to help in the implementation of joints for ease of assembly.
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This adds n equality or inequality constraints,

Which are linear in the slide parameters, yielding

Similarly, a minimum and a maximum link size may be required for manufacturability
and compactness. This is accomplished by setting the values l,,;, and l,,4, for the
minimum and maximum link lengths respectively, which add 2n additional inequality

constraints,

lin < (Pij = Pji) - (Pij = Pji) < Loy i

man max?

1,...n. (5.2.8)

These equations are quadratic in the link slide parameters ¢;;.

5.2.2.2 Constraints for obstacle avoidance

Another common requirement is for the mechanism to avoid a certain region of
space during its motion, or to establish a certain relation of closeness/separation with
respect to a certain region. The links are modeled as cylinders, with radius R;;. The
obstacle region can be modeled or represented by different geometrical shapes, for
instance as a cylinder with radius R, and axis of the cylinder pass through points P4
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and P, as shown in the Figure 5.3; as a sphere with radius R, and its center at point
S. (Figure 5.4); as a plane or set of planes, etc.

Within the minimization algorithm, this problem has been stated as a set of
constraint functions, defined in such a way that the linkages of the mechanism must
stay out of the constrained region (cylinder, sphere etc) or maintain a certain distance

with respect to the region.

Cylinder constraint equations
Considering a point Fj; on axis ¢ and belonging to link that joins axis j with axis
1. The axes of the cylinder and the links are expressed using dual vectors as L. and

L;,

L. =s.+ €(Pea X s.)

L; =s; + E(Pij X Sli) 1= 1, ... n, (529)

where s. and s;; are the direction vectors for the cylinder axis and for the link respec-

tively, and they can be found using Equation (5.2.10),

_ (Pc2 - Pcl)
‘ ||Pc2 - Pcl”
(Pji — Pj;)

sy = o9 ) (5.2.10)
[P — Pijl|

The expression for the distance between L. and L; along the common normal

line, a;, can be found from the dual dot product of the lines L. and L; as shown in
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Pij

Figure 5.3: Constraint Region Represented by a Cylindrical Surface

Figure 5.4: Constraint Region Represented by a spherical Surface
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Equation (5.2.12). For the notation see Figure 5.3. In order to keep the links out of
the restricted region, the constraints a; > (R¢ + Ry), where Ry is the radius of link
1, are enforced in the optimization problem. In order to keep this obstacle avoidance
constraint within the length of the cylinder, a condition is added to penalize this
constraint when a link of the mechanism falls beyond the length of the cylinder. In
Figure 5.3, point N¢ lies on the axis of the cylinder. If it lies between Poy and Pgo,

then the constraint will be imposed, else the constraint will be penalized to be zero.

Poi +tose < Ne <Py +trse (5.2.11)

Le.L; = cos(f;) — ea;sin(B;), i=1...,n. (5.2.12)

Where ty and t;, are the scalars defining the limits of the cylinder and s, is the unit

vector along the cylinder and defined in Equation (5.2.10).

Sphere constraint equations

Let Sc be the center of the sphere and Rq be its radius. When the region of
interest is defined as a sphere, the region avoidance condition is created by imposing
the distance to the center of the sphere to be greater than its radius, which yields

again 2n quadratic inequality constraints for each configuration of the mechanism.

To avoid linkage outside of the spherical region can be stated as follows: calculate
the perpendicular line from the sphere center to each link, using Equation (5.2.13).
In order to keep the links out of the sphere region, the constraint d; > (Rs + R;) is
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used.

[(Se — Pij) x (Sc — Pyi)]

d; = ,
|Pj; — Pijl|

i=1....n. (5.2.13)

5.2.2.3 Force transmission specifications

The concept of transmission angle, a common performance parameter for planar
mechanisms, can be adopted for spatial linkages. The components of the forces as
projected from link to axis are associated with friction, chatter and jamming at the
joints, while the link-to-link projection is analogous to the traditional transmission
angle; transmission indices have been defined by calculating the screw geometry of
input and output joint axes [23], and it is independent on the realization of the links
along the joints. However, problems associated with friction at the joints can be
minimized by finding proper placement of the links with respect to the joint axes.
This is the issue covered in the current optimization technique.

Let us consider «; as the minimum acceptable transmission angle for force along
the axis S; versus force perpendicular to the axis, see Figure (5.5). Then we can state
the constraints for for each link of the mechanism as

(Pji — Pyj)

- -5; > cos(q;), (5.2.14)
[Py — Pyl ™ (@)

Notice that the acceptable angle for revolute and prismatic joints needs to be
different. Compared to revolute joints, prismatic joints are much more problematic
in their application, they are sensitive to the direction and manner of load application.
As shown in [60], If the friction force exceeds the component of the applied force along
the slide direction the joint will jam. Considering such situations and assuming that
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Figure 5.5: Schematic diagram for the transmission angle

the final value selected will be a function of the materials and lubrication, a generic
value o = 60° is chosen for revolute joints and o = 20° for prismatic joints, while for
cylindrical joints we use a compromise value and consider that the acceptable angle

must be around a = 45°.

5.2.2.4 Planarity

For some cases, we may need spatial mechanisms to show a certain degree of
planarity, at least in a given configuration, for instance at the reference configuration.
This could yield quasi-foldable linkages, and it is also interesting for robotic hands
used in human environments, where the fingers may be required to maintain planar
shape at a reference configuration, similar to the extended human hand.

To insure the planarity of the mechanism, Equation (5.2.15) can be applied for
each joint of the mechanism to be at a distance less or equal to a certain value d from
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the desired reference plane. Consider the distance from a point, P, to a plane, as the
smallest distance calculated from the point to any of the points on the plane, which
happens along the perpendicular line. This can be defined as,

d: ||AIO+ByQ+CZQ+D)|| (5.2.15)

\/(Az—l—B?—l—C’z)

where the mechanism point is P,; = (o, %o, 20) and the desired reference plane is

Ax+ By+Cz+ D =0.

5.2.3 Configuration-dependent constraints

Some of the constraints on the performance of the mechanism, such as the obstacle
avoidance, are a function of the configuration of the mechanism along a desired tra-
jectory or for its whole workspace. In these cases, the constraints need to be enforced
at a set of sampling points along the trajectory or workspace of the linkage. This is
not too computationally costly for 1-dof mechanisms or when the motion of interest
is a single trajectory, however it becomes more costly as the degrees of freedom of the
mechanism increase, in which case a better strategy may be to consider the bound-
aries of the workspace instead. For the purpose of this article, the focus is on low-dof
linkages or single one-dimensional trajectories, and the sampled trajectory strategy
is used, for which a set of t equally-spaced points along the trajectory is considered.

In order to obtain the sampled trajectory, several strategies can be used. If the
kinematics of the mechanism is fully defined, the trajectory can be generated using
inverse or forward kinematics techniques. For those cases in which this approach is not
available, a pre-defined trajectory may be given or interpolated ([36], [70]) and then

68



the real trajectory can be approximated [98]. For other path planning techniques, see

for instance [118].

For the CRR-RRR example, Figure 5.6 shows the required trajectory. For the
Bennett mechanism, the kinematics is well known and an exact trajectory can be

generated, shown in Figure 5.7.

Figure 5.6: Desired trajectory of the exoskeleton design(CRR-RRR)

As an example, for the cylindrical and spherical region avoidance constraints on
the anchor points, the total number of inequality constraints for space avoidance

increases to 2tn, where t is the number of positions along the trajectory.

(Pt —Pc1).(PE, —Pcy) — L2, > (Re + Ray)?,

k=1,...t, i=1,...n. (5.2.16)



Figure 5.7: Trajectory for the Bennett linkage

k=1,...t, i=1,...n. (5.2.17)

Every other constraint that depends on the configuration of the mechanism must be

stated similarly.

5.3 Overall optimization strategy

Considering all the constraints and the objective function, the optimization prob-
lem involves the decision variables with their lower and upper limits, nonlinear objec-
tive functions, linear inequality constraints and nonlinear constraints. The nonlinear-
ity in the objective function and constraints provide the main difficulty in solving the
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problem. A set of randomly generated solutions over those variable bounds indicate
that only few solutions are feasible. Such a severe geometry of the feasible region
makes the problem even more difficult to solve. For this reason the hybrid genetic

optimization algorithm was found suitable to reach at a global minimum point.

For each spatial mechanism, the optimization problem is developed as shown
in Equation (5.3.1). Due to the co-existence of linear and nonlinear constraints in
the optimization problem, the linear constraints are mostly satisfied easily, however
the nonlinear constraints may not be satisfied as easily as the linear ones. Thus,
depending on the problems and the solution obtained, the Augmented Lagrangian
Genetic Algorithm (ALGA)|[25] is used with a penalty parameter to find the feasible
region. In ALGA, a subproblem is formulated by combining the objective function
and nonlinear constraint function using the Lagrangian and the penalty parameters,
see Equation (5.3.2). A sequence of such optimization problems are approximately
minimized using the genetic algorithm such that the linear constraints and bounds

are satisfied.

minf(x), such that

geqi(z) =0, i=k+1,... kt
Ax <b
Aeq.x < beq

b<z<lu (5.3.1)
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F(z, A s,p) =f(x) — Z Nisilog(s; — gi(@)) + D Nigeai(x)

i=k+1

+g > geq(x)’ (5.3.2)

i=k+1

In Equation (5.3.2), g(x) represents the nonlinear inequality constraints, geq(x) the
nonlinear equality constraints, £ the number of nonlinear inequality constraints, and
kt the total number of nonlinear constraints. A is an m X n matrix, z is an n x 1

column vector of variables, and b is an m x lcolumn vector of constants.

The parameters \; are Lagrange multiplier estimates, s; are nonnegative shifts
and p is the positive penalty parameter. M athematica® is used to formulate the
equations and to createM atlab® executable files. Depending on the nature and
complexity of the problem, the GA took from seconds to considerable amount of
time to converge to optimum solution. For the illustration of the algorithm, three
different examples are presented. These examples are selected to cover closed and

open linkages with different applications and design requirements.

5.4 Examples

The above procedure has been applied to a spatial, closed-loop CRR-RRR, to a
Bennett mechanism, and to a multi-fingered robotic hand. The M athematica® code
for the Bennett mechanism is listed in the appendix. The parameters used to run the
genetic algorithm are the chromosome length that is the number of variables in the
problem, the initial population, and initial value for the penalty parameter. From
multiple trials, we found a probability crossover of 0.8 was good so that majority
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of the population is regenerated after each generation cycle while keeping the best
solutions found. A stopping criterion is set so that the algorithm stops when the

population has fully converged.

5.4.1 CRR-RRR mechanism

The spatial, closed-loop CRR-RRR mechanism has one degree of freedom and
with the end effector located at the intersection of the serial CRR and the serial RRR
chains as shown in Figure 5.2(a). The mechanism has been designed to be used as
an exoskeleton device for thumb motion [138]. Additional constraints are added to
control the position, size of the mechanism, and to reduce physical interference with
the user.

The kinematic synthesis of the mechanism alone yields 147 nonlinear equations
in 97 variables, which makes it challenging to add more constraints in the synthesis
process. The output of the synthesis ensures the trajectory of the end effector but
does not provide any insight regarding size and placement of the linkage. The use of
the link-based optimization as a second stage is used to adapt the linkage to those
performance parameters, and illustrates the dramatic changes in the linkage that can

be obtained with this method, while still targeting the same trajectory.

5.4.1.1 Problem Definition and Formulation

Consider one of the solutions obtained through the synthesis of the CRR-RRR
linkage as seen in Figure 5.8. The screw axis in Pliicker coordinates are given in
the Table 5.1. The black lines are the links of the mechanism, drawn by connecting
the common normal points of consecutive axes. The green-colored lines represent
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the joint axes. The cylinder represents the user’s hand and forearm, with which
the mechanism should not interfere. As we can see in this initial solution, some
of the joints interfere with the volume of the cylinder, and the link sizes are also
not controlled, ranging from very small to very large. This initial solution is not
acceptable in terms of compactness, manufacturability and assembly point of view.

Therefore, a post-optimization of the design was found necessary.

e JOint axis

e |_ink (cOmmon normal line)

= [Fnd-effector

Figure 5.8: Initial CRR-RRR Mechanism. Black links are located at the common
normal lines between joints.

In order to see the effect of each optimization step, the optimization of length,
region avoidance and force transmission have been tested one by one and finally all at
a time. In all cases, the range of the required link lengths have been set between 20mm
and 150mm. The cylinder position and size is shown in Table 5.2. The optimization
problem was implemented in Matlab code, and a total of 45 generations were used

for all cases.
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Table 5.1: Plucker Coordinates of the CRR-RRR Screw axes [mm]

Axis s; +e(sY) |
—0.397 —295.833
1 0.675 p +e< —191.017
—0.622 —18.657
—0.224 —108.798
2 0.480 » +e< —49.319
—0.848 0.889
0.253 147.218
3 —0.523 p + €4 73.695
0.814 1.551
0.482 —139.844
4 —0.109 » + €< 246.543
0.870 108.428
0.591 —179.429
) —0.002 » + €< 349.744
0.806 132.504
—0.642 —48.561
6 0.317  + €< —369.995
—0.698 —123.356

Table 5.2: Cylinder position and size in [mm]

Pcl Pc2 RC

274.62 71.06
—213.50 —239.32 63.26
605.01 634.43

When minimizing only the total link size, we obtain the link lengths shown in

Table 5.3. However, as we can see in Figure 5.9, most of the mechanism joints lie
inside the restricted region.
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Figure 5.9: Mechanism obtained after link length constraints used

Considering the region-avoidance problem alone, the solution shows that all the
links at the different task positions along the trajectory of the linkage stay out of the

the restricted region, see Figure 5.10 . However, most of the link sizes are very large,

see Table 5.3.

Figure 5.10: Mechanism obtained after region avoidance constraint used
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Considering the link optimization, obstacle avoidance and the force transmission
simultaneously gives a better result in terms of fulfilling the requirements. See Figure
5.11 for the final solution and Figure 5.12 for the motion to avoid the obstacle. The
link lengths are shown in Table 5.3. Figure 5.13 shows the CAD implementation of

the optimized solution.

Figure 5.11: Mechanism Obtained After Optimizing Region Avoidance, Overall
Length and Force Transmission

Table 5.3: Link Lengths [mm]| obtained through different optimization stages: (1)
Common normal lines directly from synthesis; (2) Link-size optimization;(3) Region
avoidance; (4) Link size and region avoidance

Result | Lq2 Lo L3y Lys Lsg Le1 Ligy
from
(1) 0.31 0.50 25.36 31.44 18.36 | 26.90 | 55.87

(2) 20.00 | 57.13 | 76.50 46.96 | 40.04 | 51.18 | 20.00
(3) 244.91| 46.43 | 543.16 125.93 | 184.05| 277.83 | 671.00
(4) 150.49| 57.13 | 138.75 46.96 | 109.92| 150.66 | 151.00
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Figure 5.12: Motion of the mechanism obtained after optimizing region avoidance,
overall length and force transmission. Five positions along the trajectory are reached
by the mechanism while avoiding the obstacle.

The objective function (F') obtained for link-size optimization is 2.0785 x 10, for

region avoidance 1.2306 x 10°, and for link size and region avoidance is 6.6886 x 10%.
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Figure 5.13: The CAD model for the final optimized solution
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5.4.2 The Bennett mechanism

The Bennett Linkage is a 4R spatial closed chain. Bennett discovered the ge-
ometric relations that ensure that this chain can move with one degree of freedom.
Research on the Bennett linkage has focused on its instantaneous kinematic geometry
and its finite-position synthesis. In this study, the Bennett mechanism is used as a
hinge for a cabinet door, Figure 5.14. The kinematic synthesis is performed to obtain
the desired trajectory. To get the optimum solution considering manufacturability,
obstacle avoidance and smoothness of motion, the link-based optimization technique

outlined above is implemented.

Figure 5.14: The Bennett Linkage used as a hinge and a cabinet door (Courtesy of
G. Lachhwani at PsiStar Solutions)

5.4.2.1 Problem Definition and Formulation

The initial implementation from the synthesis stage uses the screw axes in Pliicker
coordinates as shown in Table 5.4. In this particular example the mechanism created
by connecting the common normal lines is fairly compact (Figure 5.15), however
the dimensions are too small from a manufacturing and assembly point of view; for
instance, the smallest length is bmm and the placement of the joints along the axes

is almost zero. In addition to this, part of the mechanism lies inside the cabinet, that
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is, inside of the restricted region. Considering minimum and maximum lengths, and
obstacle avoidance constraints, the solution may be a less compact but applicable

mechanism.

Table 5.4: Plucker Coordinates of the Bennett Linkage Screw Axes [mm]

Axis si +€(sY) |
0.301 —5.12
1 0.827 » + e 1.901
0.475 —0.068
0.588 —2.970
2 0.809 p +e4q 2.210
0.009 —4.896

0.798 —1.901
3 —0.372 » + e —4.164
0.475 —0.068
0.988 —0.381
4 —0.156 p + €4 —2.675
0.009 —4.896

Figure 5.16 shows the optimized Bennett mechanism with imposed constraints of
minimum link length of 30mm, maximum link length of 60mm and an offset length
of 1bmm. As we can see, the joints have now enough offset for assembly, and the
link lengths also fall within the range of the specified constraints. However, part of
the mechanism is still inside of the restricted region, which is the cabinet; therefore,
additional constraints to avoid this problem are required.
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Figure 5.15: Initial Solution of the Bennett Linkage
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Figure 5.16: Optimized Bennett Linkage with Link Length Constraints

Obstacle avoidance

The cabinet has the shape of a cube. To simplify the problem, an inscribed sphere
is considered to define the region avoidance constraint. An increment § for tha radius
is used to take into consideration the thickness of the links, to yield a sphere radius
Sk + 0. The obstacle avoidance constraint keeps the mechanism on one side of the
door and out of the cube, Figure 5.17. However, the link sizes are much longer than
the perceived optimal solution. Finally, by incorporating all the constraints including
link length, offset length and obstacle avoidance, a better solution is found and shown

in Figure 5.18. The motion of the linkage can be seen in Figure 5.19.
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Figure 5.17: Mechanism with obstacle avoidance and offset constraint. The blue
square corresponds to the cabinet door.

Figure 5.18: Mechanism obtained with link length, offset length and obstacle avoid-
ance constraints.

Figure 5.19: Motion of the final design for the cabinet linkage
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5.4.3 Application in robotic hand design

The link-based optimization method is a useful tool in the design of robotics hands.
For robotic hands and grippers that need not be anatomically similar to the human
hand, and depending on the robotic hand task, we can have different sized fingers,
bigger or smaller palm, smaller wrist and so on. With the use of the optimization
method, these design preferences can be incorporated either in the objective function
or as a constraint. In this example, a three-fingered robot hand is considered for the
task of rotating a door nob. The action is recorded using a Vicon camera system and

the trajectory is shown in Figure 5.20.

Figure 5.20: Trajectory of the three fingers to rotate a door nob

Considering one of the many synthesis solutions for this problem, and creating
the links at the common normals, the hand shown in Figure 5.21 is obtained. Here, it

is clear that some of the links are too small to be manufactured and assembled. In a
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first run, the link-based optimization with link length and offset constraints improves
the result, see Figure 5.22. Another option is found by providing separate ranges of
the link length constraints for the wrist alone, in which case a very compact solution

is achieved, see Figure 5.22.

—— links

Figure 5.21: The robotic hand before optimization
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Figure 5.22: Optimized with link length and offset constraints

Figure 5.23: A three fingered robotic hand rotate a door nob
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5.4.4 Summary

In the design of spatial linkages for a desired motion, a great deal of flexibility is
allowed in the choice of the links. The optimization presented in this thesis is applied
to the linkage in order to fulfill additional performance requirements, such as total
length, force transmission, obstacle avoidance or geometry at a given configuration.
It is our experience that trying to fulfill these requirements with a manual manip-
ulation of the links is tedious and overall difficult. The results obtained using this
optimization show that it could be a useful tool for the designer of spatial mecha-
nisms with arbitrarily-located axes. It is straightforward to define the links in a CAD
environment as anchored in points sliding along the joint axes of the linkage, making
the application of the optimization results automatic.

The methodology is general enough that any link-based requirement can be added
to the optimization, either within the objective function or as additional constraints.
The algorithm is also flexible so that it can be applied to the overall mechanism
or just to a part of it. The presented examples show that dramatic changes in the
implementation of the mechanism can be obtained by using this method. The links are
defined as straight lines between anchored points at the joints; in a future extension,
the links will be allowed to have a curved shape in order to increase the solution

space.
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Chapter 6

Design of an Exoskeleton as a

Finger-Joint Angular Sensor

6.1 Introduction

Accurate hand pose tracking and finger joint measurements are important research
topics in bioengineering fields for different applications; the design of exoskeleton
and prosthetic devices and the implementation of control algorithms are a few of
those. Most of the available prosthetics using EMG or sEMG sensors compute some
threshold value for the corresponding finger joint positions [106] [132] [54] [101] [38].
In most cases, models are obtained with the smoothed sEMG data as input and the
respective smoothed finger angle data as output. The dynamic model obtained allows

the instantaneous control of the finger motions.

Most of the existing angular joint sensors rely on the assumption of the knowledge
of the type of motion and location of the joint. The design presented here consists of
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an exoskeleton, designed to fit the finger motion, in which we can relate the angular
displacement of its links to the change in orientation of the phalanx under consid-
eration. Unlike other designs, the exoskeleton does not need any information about
the actual anatomy and dimensions of the hand in order to provide with the angular

information.

6.2 Design methodology

The methodology shown in Figure 6.1 has been followed to design the sensor.

6.3 Collection of design input data

A camera vision system is used to track the hand motion. Non-contact technolo-
gies are mostly vision-based or use infrared or magnetic technologies. Most of the
focus in single-camera tracking has been with detecting the region of interest (ROI)
of the hand. Some research has attempted to create simplified hand models through
markerless detection [40], [76]. Work has also been done using markers [76] and multi
camera systems [59]. A marker-based detection technique is used to get information

about the finger motion.

6.3.1 Image acquisition

The experimental approach to get the data is based on the principle that the pose
of a calibrated camera can be uniquely determined from a minimum of four coplanar
but non-collinear points. Thus, two squares attached to the proximal phalanges and
to the dorsal part of the carpal are used as shown in Figure 6.2. Then the index
finger is moved to its different positions/reaches. While moving the index finger,
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Figure 6.1: The methodology applied to design the exoskeleton based sensor
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different frames are captured using a Dragonfly 2 camera from GreyPoint, with a
Fujinon 1:1.4/9mm lens, interfaced with a computer using LabVIEW. The LabVIEW
program captures and saves multiple images into the hard disk [4]. Once the frames
are saved, sample frames from different orientation of the index finger are selected for

processing.

Figure 6.2: The captured image of the index finger with the square blobs on it

6.3.2 Image processing

In order to compute pose for 3D to 2D correspondences of a planar target, the
algorithm used is based on Hager and Schweighofer [109]. The algorithm is customized
to obtain a set of task positions from a video stream of a hand moving with markers.
As it is clearly visible on the figure, the square on the dorsal carpal is used as a
reference position, as the relative position between this square and the fixed joint of
the mechanism is always constant while the index finger is moving.

The markers are used to estimate the pose, which consists of the position and
orientation of the finger. An important aspect of this setup is the geometry of the
markers. The geometry of a marker affects directly its performance and usability
in computer vision applications. The design used by this project is a simple white
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square with a smaller black square inside as shown in Figure 6.2. It gives four sharp
visible corners that form a perfect square to be used to find the 3D pose of the marker.
Figure 6.4 shows a properly detected marker. It is important for these markers to be
completely rigid for accurate pose estimation. For detection of the candidate points

the Harris corner and edge detector algorithm [115] is used.

Figure 6.3: The index finger movement and the square blobs

Figure 6.4: Corner detection of one frame done by Harris corner detection
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The 3D pose recovery algorithm can map 3D reference points from the 2D image
coordinates. It takes a set of non-collinear 3D coordinates of reference points P, =
(:Ei,yi,zi)t,z' = 1,..n,n > 3. These points can be expressed in an object-centered

. . t
reference frame. The corresponding camera-space coordinates are ¢; = (x}, ., z})".

These two points are related by the rigid transformation

¢ = RP; + ¢, (6.3.1)

where R and t are the rotation matrix and translation vector respectively. Using
this approach we obtain a transformation matrix 7}, for each position of the target
point (the point from the square at the proximal phalanx) with respect to the camera
and we also obtained T,; (the point from the square at the carpal) with respect to
the camera. In order to reference locally all movements of the target point, we use
coordinate transformation as T, = T.;'T);. After getting T,,, the transformation from
the reference frame at the carpal to the proximal phalanges, the design equations are

formulated based on the candidate mechanism .

6.4 Finger Exoskeleton Design

It is important to notice that the internal structure of the hand -the skeleton- is
not a part of the exoskeleton mechanism. The mid phalanx of the finger is attached
to the coupler of the linkage, as indicated in Figure 6.5, and the whole mechanism is
placed on the dorsal carpal of the hand. The exoskeleton is designed for the coupler

to follow a task motion in this case, the motion of the phalanx. The exoskeleton
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mechanism is designed to be light and have a smooth motion over the range of the
finger, so to minimize dynamic loading effects on the signal under study. An angular
potentiometer is to be attached to one of the joints of the linkage, and the sensed
angle is to be related to the angle of the coupler with respect to the fixed link.
Type synthesis, the selection of the topology of the mechanism to be used as
exoskeleton, is a first step in the design process. For this sensor, the approach is to
use the simplest mechanism possible, with decreased complexity, weight and inertia
on the finger. The planar four-bar mechanism was tried first, but it was not successful
due to the interference of the links with the finger and the dorsal part of the hand
in all designs. The six-bar linkage is the next simplest one. It allows positioning the
links away from the finger so that no interference appears, while matching the planar
1-dof motion of the single finger joint. Thus, a planar, single-dof six-bar linkage (see

Figure 6.6) has been selected as the exoskeleton topology.

6.4.1 Exoskeleton Design Equations

Using the vision information as an input, the kinematic synthesis of the mechanism
is performed to obtain the exoskeleton-based joint angle sensor. For this application,
the desired mechanism is required to do two things: it should follow the trajectories
described by the collected data; and there should be a one-to-one correspondence
between the orientation of the MIP joint of the finger to one of the joints of the
mechanism.

The six-bar linkage is the simplest closed, 1-dof planar linkage able to follow the
collected trajectories accurately. On the other hand, being a simple, one-dof linkage,
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Figure 6.5: Schematic drawing of the exoskeleton on the index finger

the relationships between all its angles and the driving joint angle are well known and

can be related to the angle of the coupler and the MIP joint.

The variables defined for the six-bar mechanism are shown in Figure 6.6, where
01, O, 03, 04 and 05 are the joint angles and the remaining parameters (i.e., si,,
S1ys Sdzs Says @, l1, lo, I3, Ly, ls, b1, b, «, v and 0) are the structural variables of
the mechanism. Compared with the more common four-bar mechanisms, six-bar
mechanisms have more design variables, therefore with an appropriate design, six-bar
mechanisms can adapt to a wider number of motions.
Using the variables defined in Figure 6.6, the forward kinematic equations for a planar
six-bar mechanism are defined as [84], [133].
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Figure 6.6: The six- bar linkage with variables used

S1z+1 cos(6q) + Iz cos(01 + 02 +v) +acos(fy + 02+ +05+a) — P, =0

S1yFlisin(6q) + losin(6y + 02 +v) +asin(0y + 0 +v+ 05 +a) — P, =0

S1z+11 cos(61) + by cos(0y + 02) — (S4z + b2 cos(fs +0)) =0

S1y+11 sin(6h) + by sin(fy + 02) — (s4y + bosin(fs +6)) =0

S12+11 cos(61) + lo cos(01 + Oz + ) + I3 cos(by + 02 + v + 03) — (I5cos(04 + O5)+
lycos(fy) + s42) =0

S1y+l sin(0y) + lasin(0y + Oy + y) + I3sin(0y + Oy + v + 03) — (Issin(0s + 05)+

l4 sin(94) + S4y) =0. (641)

From the set up we can also identify the following angular relation

O+0+v+0s+a+5—p=0. (642)

The equations given above in (6.4.1) and (6.4.2) were used to determine the tra-
jectory that point P and its attached frame would follow through the operation of
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the mechanism. The axis shown in Figure 6.6 indicates the angle ¢ is the same as
the one of the MIP joint of the finger.

Nine positions are selected from the index finger trajectory. The end-effector
location at the coupler link yields two equations, and the loop equations account
for four equations for each position. This gives a total of 52 nonlinear equations.
In addition, we have 9 angular equations; overall, we have 63 equations. The total
variables to be found are 61. Some auxiliary equations are added to limit the size of
some key links in the linkage.

The equations are solved using a Levenberg-Marquardt nonlinear, unconstrained
solver implemented in Java. This is based on public domain MINPACK routines,
translated from FORTRAN to Java by Steve Verrill [1].

The process yields many solutions. Each solution took an average of 7.5 minutes
on a 2.2GHz Intel Core i7. It has been solved several times, in groups of 50 runs, out
of which approximately 3 solutions were acceptable each time. The acceptability was
defined in terms of position on the hand, overall dimensions and hand interference.
The accepted candidates were modeled using CAD software in order to select the

final design.

Angular Measurement

From the design of the mechanism it is shown that the angle ¢ corresponds to the
orientation of the MIP joint of the finger. Thus, using Equation (6.4.2) the value of
@ for every finite displacement of the finger in terms of the angles 6, 65, 7, 05, @ and
[ is obtained. Here «, v and [ are constants, and 6y, 65, 65 are the joint variables,
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which can be expressed in terms of one of them (for instance 6),

=01 +0,+0i+a+ B+, (6.4.3)

where ¢ corresponds to any single measurement of the angle.

We use Equation 6.4.3, together with the constraint relations between the joint
angles [83] that give 65 = f(6%) and 65 = f(6?).

Therefore, the only variable that we need to measure is #;. Since one of our
objectives is to come up with a cost-effective sensing device, a resistive potentiometer
is selected to be mounted on that joint of the six-bar mechanism to measure 6;.

Similarly, relations can be found to place the sensor at any other joint.

6.5 Results

The candidate designs were ranked considering size, mechanism placement and
overall structure. The selected design is optimized and modeled as shown in Figure
6.8. The design parameters of the selected six-bar linkage are shown in Table 6.5
(angles in radians and lengths in millimeters).

A rapid prototype has been built in order to further assess the performance of the
sensor and it is shown in Figure 6.8. The final product will be made from aluminum
and the estimated total cost for several joints, including machining, is within hundreds
of dollars. We believe that this sensor will be cheaper than other sensors such as data

gloves, magnetic, and infrared sensors, which cost in the order of thousands of dollars.

To avoid interference and increase comfort to the user the first model has been
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Table 6.1: Exoskeleton dimensions

s; | (46.34,—94.63)
s, | (—=30.49, —57.91)
a -77.66

I -40.01

lo -68.46

l3 20.00

ly -68.46

l5 20.00

b1 -122.58

by -122.57

y -0.27

«Q 3.04

) 0.28

I} 2.27

modified, optimized and modeled as shown in Figure 6.9. The modified sensor has
been prototyped and tested. Figure 6.10 shows the experimental setup and the pro-
totyped sensor. To increase the sensitivity of the sensor a Wheatstone bridge has
been built; the potentiometer on the exoskeleton is used as the variable resistor in
the bridge. For the convenience of recording and monitoring the sensor value, the
microcontroller and labview have been used as shown in Figure 6.11. Using this lab-
view model we can monitor the analog signal change due to the position change of
the potentiometer on the sensor. Once we have recorded the data, the angle relation
obtained from the kinematic analysis will be applied to relate the real change of the

MCP joint angle.

6.6 Summary

The development of a simple and cost-effective mechanism for the estimation of the
angles of the Metacarpal interphalangeal (MIP) joint of the index finger is shown. The
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Figure 6.7: CAD model of the selected linkage and the sensor on the hand

design strategy includes vision system and image processing coupled with kinematic
synthesis techniques. The main advantage of this method is that it does not need any
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Figure 6.8: Initial prototype of the selected linkage

Arduino uno
Microcontroller

Figure 6.9: The modified CAD
model of the exoskeleton and the Figure 6.10: The experimental setup of the
sensor on the hand sensor

assumption about location and type of joints in the subject; the exoskeleton is going

to follow the trajectory that is selected as task regardless of the skeleton structure
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Figure 6.12: The joint angle data

that generates it. This allows for the creation of new and innovative exoskeleton-
based position sensors which can help for EMG and position modeling in the grasp
and control study. The application of image-processing techniques and use of a six-
bar mechanism and a simple potentiometer grants a cheap, effective sensing device.

The high number of solutions obtained means more choices for the designer.
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Chapter 7

Single Degree-of-Freedom
Exoskeleton Mechanism Design for

Thumb Rehabilitation

7.1 Introduction

This research presents a task-oriented design methodology for exoskeletons used
in spatial motion. In particular, the methodology is applied to develop a 1-dof thumb
exoskeleton for rehabilitation. The exoskeleton is required to generate the desired
grasping and pinching path of the thumb. The human thumb presents a complex
3D motion that can be modeled, depending on the needed accuracy, with three to
four degrees of freedom, and using variable joint axes. We postulate that it is still
possible to use simplified, low-dof linkages for assisting in this motion. We focus on
a set of closed, spatial overconstrained and non-overconstrained four-bar to six-bar
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linkages with low mobility that present the desired characteristics for this application,
see [124] and [120]. The spatial mechanism is to be attached to the proximal phalanx
of the thumb. In addition, the designed mechanism is confined to the back of the
hand, so as to minimize sensory feedback interference, and to allow the mechanism
to be manufactured with minimal size. This, combined with the intended location of
the actuators, will allow the device to be constructed with low apparent inertia. The

following subsections present the design methodology and results.

7.2 Thumb Mechanism Design

The method is based on synthesizing a linkage to follow as closely as possible
experimental paths of the human thumb. The mechanism needs to have a single
degree of freedom, which can be listed as one of the advantages of the mechanism
which requires a single actuator yet gives 3D complex motion. The overall outline or
design approach of the mechanism is shown in Figure 3.1.

The thumb data were acquired using a Vicon motion tracking system as shown in
Figure 3.2.

The several experimental paths obtained were separated for clarity. Figure7.1
shows one typical point path, seen from the reference frame of the motion capture
system. For the design of spatial motion, it is sometimes advantageous to work with
relative displacements. Each relative displacement expresses a motion of the thumb
from a reference configuration, taken as the thumb position at the first frame. Each
displacement can be modeled as an axis, plus a rotation about and a translation
along the axis. This information is encoded as a screw, where the screw axis is the

105



axis of the displacement and the pitch is the ratio of translation to rotation for that

displacement.

Figure 7.1: Thumb’s proximal phalanx point path

Figure 7.2 shows the displacements of the thumb’s proximal phalanx path as screw
axes with a pitch, where the screw lengths are proportional to the pitch. The screw
axes of the displacements with their pitches generate a screw hypersurface. This
representation has all the information of the motion; except for the value of the
rotation, which can be calculated independently.

106



‘I: F{
\ ’ I

/ /
I A I RO A L Lo

e
-1t

Figure 7.2: Thumb’s proximal phalanx path: screw surface of relative screw axes

7.2.1 Mechanism Selection

In order to accomplish simplicity together with spatial motion under a one-degree-
of-freedom system, an initial set of closed spatial linkages with four to six links and
standard revolute (R), prismatic (P) and cylindrical (C) joints have been selected.
Some of these linkages are overconstrained, while others are trivial; all of them with
mobility equal to one [124], [120]. Figure 7.3 shows the topology of the spatial CCCC
linkage (a linkage with four cylindrical joints); candidate linkages with four links are
particular cases of this one, obtained by making some of the joint variables (6;,r;)
constant.

Similarly, the closed, spatial CCC-CCC linkage can be seen as the general case
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Figure 7.3: A spatial 4-bar CCCC linkage

for the six-bar candidate linkages, see Figure 7.4. In particular, the following four-
bar linkages: RC-CC, RP-RP, RR-RR, and the following six-bar linkage: CRR-RRR
were selected as candidates. Here, the dash separating joints indicates where the
end-effector, or attachment to the thumb, is being placed.

Among the properties of these linkages that are useful for our application we
can cite the 1-dof motion, requiring only one actuator, and topological simplicity
while creating a complex motion. In addition, overconstrained linkages have other

advantages; such as inherent structural rigidity.

7.2.2 Mechanism Design Equations
In this section, the design equations corresponding to the CRR-RRR mechanism
are presented. The reason to do so is that it turned out to give the most fitted
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Figure 7.4: A spatial 6-bar CCCCCC linkage

mechanisms for the task.Let us consider the closed CRR-RRR linkage as two serial
chains, CRR and RRR, joined at their end-effectors. The axes are labeled as shown
in Figure 7.4, starting at the fixed C joint and going around up to the final fixed R
joint. For every joint i, let S; = s; + €s? be the joint axis, with rotation 6;, and slide
(for the C joint only) d;. The forward kinematics equations of the CRR and RRR

chains are expressed using dual quaternions [100],

3 A ~
. . AD; AD;
QCRR(Aé’l, A@g, A@g) = E(COS Te + sin TQSSZ)
A A A A A
QRRR(AQ& A95, A94) = H (COS ATQ + sin 20 SSZ) (721)

1€{6,5,4}

whereAd; = Ab; + eAd; is the dual angle, and all d; = 0 except d; corresponding
to the cylindrical joint. The forward kinematics so expressed represent the set of

relative displacements of the chain with respect to a reference configuration.
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In order to create the design equations, the distance between the displacements
captured in Section II.B. and the displacements of the candidate chain is minimized.
Then dimensional synthesis is performed, with a goal to find the location and dimen-

sions of the mechanism that approximately performs the task.

The design equations are created by equating the forward kinematics of the mech-
anism to each of the discrete positions obtained from the motion capture. If we
denote each finite displacement of the thumb as f’i, we can create the relative dis-
placements with respect to the first position of the thumb, PY = Pi(P1)~! to yield

design equations.

Qerr(A0L, AGL, AGL) = PV

Qrrr(A0L, AGL, A =PV i=2 ... m. (7.2.2)

In these equations, the variables we are interested in are what we call the structural
variables, which are the Plucker coordinates of the joint axes S; = s; + es! at the
reference configuration. In addition, the optimization process outputs the angles of

the chains in order to reach the thumb displacements.

To complete the system of Equations in (7.2.2), size constraints were imposed
on the mechanism so that it can be attached to the lower arm and with reasonable
dimensions. In particular, for the six-link CRR-RRR mechanism, the constraints of
distance between both fixed axes and also between the fixed axes and the thumb were
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added,

S -Sg = cosa + easin «

Sy - P! = cos B+ ebsin 3 (7.2.3)

where P! is the screw axis of the first thumb position, and we fix the distance between
the axes along the common normal, a, to a value between 50mm and 150mm, and the

distance between the thumb attachment and the coupler axes, b, to similar values.

7.2.2.1 Implementation of the Design Equations

Ten positions were selected from the thumb path, and the first frame was taken
as the reference configuration. Each forward kinematics equality is composed of 8
equations, and forward kinematics are written for both serial chains composing the
mechanism. This gives a total of 144 nonlinear equations. In addition, we have the

constraints of Equation(7.2.3). In sum, we have 147 equations.

The variables to solve for are the Plucker coordinates of the axes, that is, six
parameters per axis, and the joint variables to reach each thumb position. The total

is 97 unknowns.

The equations were solved using a Levenberg-Marquardt nonlinear, unconstrained
solver implemented in Java. This is based on public domain MINPACK routines,
translated from FORTRAN to Java by Steve Verrill [123].
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7.3 Results

The best results were obtained for the CRR-RRR mechanism. One of the sets of
ten equally-spaced positions selected from the thumb data can be seen in Figure 7.6.
The equations were run 14 times for three different sets of positions chosen from the
thumb frames. The distance to the desired path has been optimized by minimizing
the distance at each step. The overall error of the function was smaller than 0.03,
and it took a variable amount of time, from a few minutes to a few hours, to find

solutions. For these 14 runs, 14 considerably different solutions were found.

Out of these 14 solutions, 2 linkages were selected because of their overall dimen-
sions and placement on the hand. Figure 7.7 shows the SolidWorks model of those
solutions, named candidate I and II.

The mechanism with the best combination of fit to the path, dimensions and place-
ment is selected as a solution. Due to the potentially very large number of solutions
for this problem, not all the solution space has been searched and hence we cannot
assume that the selected candidate is the optimal one, but rather an acceptable one.
Figures 7.5 and 7.6 present the actual motion of the linkage as compared to the
thumb path and design poses. Even though there is some small divergence in the
paths, we must point out that it is of the order of the variability of the several paths
observed in the motion capture data, rendering an overall motion that is within the
normal thumb actuation. The other possible option to minimize the deviation is to
use higher degree of freedom mechanism, but with the cost of increasing actuation
and control complexity. In this thesis, to avail the advantages of the multi-degree
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of freedom mechanisms while keeping the control complexity issue minimum, a cable

driven RRC-CRR spatial mechanism for the thumb rehabilitation device is used.
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Figure 7.5: One of the thumb paths (thin frames) with superimposed linkage path
(thick lines)
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Figure 7.6: Comparison between design positions (thin lines) and linkage positions
(thick lines)

Figure 7.7: The two initial solutions selected for prototyping
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Figure 7.8: Other solutions for different data set
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Rapid prototypes have been built in order to assess the motion and to better
design the hand attachment and compatibility with the finger exoskeleton. Figure

7.9 shows the prototype linkages mounted on the hand.

Figure 7.9: prototype of the initial solutions

7.4 Summary
This chapter presented a task-oriented design methodology to develop a 1-dof
thumb exoskeleton for rehabilitation. The kinematic design is followed by a CAD

modeling and prototyping.
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Chapter 8

Conclusions and Future works

8.1 Conclusions

In this research, a comprehensive methodology for the kinematic design of ex-
oskeleton devices, including input data acquisition, kinematic synthesis and post-
synthesis optimization is presented. The algorithms and the methodologies developed
in this research are tested on exoskeleton applications. Results are showing that with
a lower degree of freedom mechanisms, it is possible to build an exoskeleton which can
follow a complex 3D motion without having any assumption about the location and
type of joints in the subject. The exoskeleton follows the trajectory that is selected as
task regardless of the skeletal structure that generates it. This allows for the creation
of new and innovative exoskeleton designs. Results have been published in conference
articles [138], [139], [140], book chapters [14], and submitted to journals [137].
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8.2 Future works

In this research, the following ones are proposed as a future research. The focus
is being directed towards the kinematic synthesis and post-synthesis optimization

stages.

e In order to ensure the motion along a full trajectory, the new direction of re-
search on exact workspace synthesis seems to be an appropriate solution. This
research will extend the exact synthesis methodology already developed for the
RCCR chain to other closed, spatial mechanisms such as RRRR and RCRC.
This requires characterizing their workspace using the robot kinematics equa-
tions. The challenges include finding a suitable mathematical formulation to
computing the intersection of each serial chain that creates the parallel linkage,

either in parameterized or in implicit form.

e Post-synthesis, link-based optimization has yielded good results for the detailed
design of the exoskeleton. Current results can be extended to include several
other factors and applications. For instance, based on the result shown in [65],
self-intersection of the spatial linkages can be incorporated in the link based

optimization formulation.
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Appendix

(*The optimization considers manufacturability and compactness issues by setting
minimum and maximum link lengths and offsets along the axis. In addition to these
constraints force transmission and obstacle avoidance constraints are included.
The following files are important for the operation of the algorithm.“ToMatlab.m”can
be downloaded from http://library.wolfram.com /infocenter /MathSource /577 /
<< “F:\\Matrix.m”
<< “F:\\ToMatlab.m”
The methodology is general enough to be applied for any spatial mechanism. This
particular example is focused on a Bennett mechanism used as a cabinet hinge and
door application.
For the optimization, the inputs can be in the form of the screw axes of the joints
expressed in pliicker coordinate system and their connectivity or two arbitrary points
on the joint axis and their connectivity. It is always easy to go from one form of the
input to the other. In this example the inputs are points on the joint axes expressed

as Pij where i represents the joint and j represents the preceding or the next joint.*)

Ac
Siz SZf Bc
P12 P21

Pia

P14 = {—0.959686, —2.4095, 4.802};

P12 = {—0.658693, —1.582623, 5.277056};
P21 = {—3.97987, 2.85262, 3.70129};

P23 = {—3.392076, 3.661586, 3.70984722};
P32 = {2.00351, —0.848523, —4.02768};
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P34 = {2.801034, —1.220379, —3.552624};
P43 = {0.788636, 4.83263, —2.70136};
P41 = {1.776294, 4.676238, —2.69280278};

(*End-effector(the door dimensions)*) Ac = {—4.50,4.5,0};
Be = {4.5,4.5,0};
Cec = {4.5,—4.5,0};
Dc = {—4.5,—4.5,0};
(*From the points the direction of the axis (si) and then the pliicker expression of the

axes (Si)can be calculated as follow:*)

sl = N[(P12 — P14)/Sqrt[(P12 — P14).(P12 — P14)]];
2 = N[(P23 — P21)/Sqrt[(P23 — P21).(P23 — P21)]];
s3 = N[(P34 — P32)/Sqrt[(P34 — P32).(P34 — P32)]];
s4 = N[(P43 — P41)/Sqrt[(P43 — P41).(P43 — P41)]]; S1 = {s1,P14 x s1};

S2 = {s2, P21 x s2};
S3 = {s3,P32 x s3};
S4 = {s4, P41 x s4};
(*Here, the norm of the axes is checked, i.e, si.si=1 and si.s0=0%) S1[[1]].S1][[1]];

S2[[1]]-.s2{[1]};
S3[[1]]-S3[[1]};
SA[[1]]-S4{[1]};
ST{[A]]-ST{[2]};
S2[[1]]-.82[[2]};
S3[[1]]-S3[[2]};
SA[[1]]-S4{[2]};

(*CommonNormalGen, is a function in the matrix.m file, which gives the {{Xline,
a, Alpha}, {ql, q2}}]; where a= the common normal length, a= the angle of the
common normal with the axis, ¢1 a point on the first axis and ¢2 is a point on the
second axis.™)

P12C = CommonNormalGen[S1, S2|[[2, {1, 2}]][[1]];

P21C = CommonNormalGen[S1, S2][[2, {1, 2}]][[2]];
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P23C = CommonNormalGen[S2, S3|[[2, {1, 2}]][[1]];
P32C = CommonNormalGen[S2, S3|[[2, {1, 2}]][[2]];
P34C = CommonNormalGen[S3, S4|[[2, {1, 2}]][[1]];
P43C = CommonNormalGen[S3, S4|[[2, {1, 2}]][[2]];
P41C = CommonNormalGen[S4, S1][[2, {1, 2}]][[1]];
P14C = CommonNormalGen[S4, S1][[2, {1, 2}]][[2]];

(*Plot the mechanism based on the common normal points obtained, for later com-
parisons:*)

VertexColorl = {{Black, Black}, {Blue, Blue}, {Red, Red}, {Green, Green},

{Blue, Blue}, { Gray, Gray}, { Magenta, Magenta}, { Yellow, Yellow},

{Magenta, Magenta}, { Black, Black}, {Blue, Blue}, { Gray, Red}}; linkagemcom =
Graphics3D|[List[Line[{P12C, P14C}, VertexColors — VertexColorl[[4]]],
Thickness[0.006], Line[{P12C, P21C}, VertexColors — VertexColorl[[3]]],
Thickness[0.005], Line[{P21C, P23C}, VertexColors — VertexColorl[[4]]],
Thickness[0.005],
Line[{P12C, P12C + 2 % S1
Line[{P12C, P12C — 2 % S1
Line[{P21C, P21C + 2 % S2

[ Thickness[0.005],
[
[
Line[{P21C, P21C — 2 % S2[
[
[
[

]
Thickness[0.005],
Thickness[0.005],
Thickness[0.005]
]
]
]
]

[

[

[

1 [
Thickness[0.005],

[

[

[

4
4

Y

Line[{P32C, P32C + 2 % S3[[1

Line[{P32C, P32C — 2 % S3 Thickness[0.005],
Thickness|0.005],

Thickness|0.005],

[
[
[
[
[
[
[

Line[{P43C, P43C + 2 % 54

[ ]

[ ]

[ ]

[ ]

[ ]

[ ]

[ ]
Line[{P43C, P43C — 2 x S4[[1]] }, VertexColors — VertexColor1[[4]

[

[

[

[

[

[

[

l
l
l
l
l
l
l
l

Line[{P32C, P34C}, VertexColors — VertexColor1[[4]]], Thickness[0.005],
Line[{P43C, P41C}, VertexColors — VertexColor1[[4

I

[[4]]], Thickness[0.007],
Line[{P23C, P32C}, VertexColors — VertexColorl1[[3

I

I

I1l; ]
I1l; ]
1], Thickness[0.007],
Line[{P34C, P43C}, VertexColors — VertexColor1[[3]]], Thickness[0.007],
Line[{P41C, P14C}, VertexColors — VertexColor1[[3]]], Thickness[0.007],
Line[{Ac, Bc}, VertexColors — VertexColorl[[5]]], Thickness[0.007],
Line[{Bc, Cc}, VertexColors — VertexColorl1[[5]]], Thickness[0.007],

]
]
]
]
]
]
]
]
[
[
[
[
[
]
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Line[{Cc, Dc}, VertexColors — VertexColor1[[5]]], Thickness[0.007],

Line[{Dc, Ac}, VertexColors — VertexColor1|[5]]], Thickness[0.007],

Line[{P23C, Ac}, VertexColors — VertexColor1|[[5]]], Thickness[0.007],
[ [

Line[{P32C, Cc}, VertexColors — VertexColorl
AxesLabel — {X,Y, Z}]] comntotlength =

5]]], Thickness[0.007],

Chop|[(P12C — P14C).(P12C — P14C) + (P21C — P12C).(P21C — P12C)+
(P23C — P21C).(P23C — P21C) + (P32C — P23C).(P32C — P23C)+
(P34C — P32C).(P34C — P32C) + (P43C — P34C).(P43C — P34C)+
(P41C — P43C).(P41C — P43C) + (P14C — P41C).(P14C — PALC)]
Sqrt[(P12C — P14C).(P12C — P14C)];
Sqrt[(P23C — P21C).(P23C — P21C)];
Sqrt[(P34C — P32C).(P34C — P320)];
Sqrt[(P41C — P43C

[

[

[

Y

]
)l
)l
P41C — P43C)];
P21C — P12C)];
)l
)l

)

P32C — P23C
Sqrt|(P43C — P34C
Sqrt[(P14C — P41C).(P14C — P41C)];

P32C — P23C)];

Y

P43C — P34C)|;

Y

( )-(
( )-(
( )-(
( )-(
( )-(
( )-(

(*In this particular example, the mechanism formed by connecting the common

normal is more compact, however, the dimensions are too small for manufacturing
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and assembling. For instance the placement of the joints along the axis is almost
zero. So we need to consider minimum and maximum lengths, in this case we may

end up with a less compact but applicable mechanism.

Let Si be screw axis and C't be the point on S% at which the line from the origin
and S7 be perpendicular, where i = 1...n,
P;; and Pyj11) are two arbitrary points on axis Si, and ¢ij and ti(j + 1) are corre-

sponding distances of Pij and P11y from point C respectively.

The procedure is as follow:express Si =sl+¢ s0 in dual Quaternial form and find
Ci = (s1xs0)/(s1.s1). Then write P;; and Pj;qyas a function of C, tij and ti(j +1)
like Pjj= Ci+ tijSi and Pyj11)= Ci+ ti(j + 1)Si, then write the cost function as a
norm to minimize length
Here the Points (C1, C2, C3...C6) are calculated for the first configuration, then based
on these points, the mechanism will be defined as a function of t12, t23 etc. These

variables will be optimized based on the subsequence positions of points P12, p23

etc.)*)

C1 = (SH{[A]} > SA{[2]]) /(S]] SH[L]]);
C2 = (S2[[1]] x S2{[2]]) /(S2[[1]]-S2[[1]]);
C3 = (S3[[1]] < S3[[2]]) /(S3[[1]]-S3([1]]);
C4 = (S4[[1]] > S4{[2]]) /(S4[[1]]-S4[[1]]);

P12n = C1 + 12 % S1[[1]];
Pl4n = C1 + t14 = S1[[1]];
P21n = C2 + t21 % S2[[1]];
P23n = C2 + t23 * S2[[1]);
P32n = C3 + 32 * S3[[1]);
P34n = C3 + t34  S3[[1]);
P43n = C4 + t43 = S4[[1]];
P41n = C4 + t41 % S4[[1]]
ObjFunc = Chop[(P12n — P14n).(P12n — P14n) 4+ (P21n — P12n).(P21n — P12n)+

Y
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(P23n — P21n).(P23n — P21n) 4 (P32n — P23n).(P32n — P23n)+

(P34n — P32n).(P34n — P32n) + (P43n — P34n).(P43n — P34n)+

(P41n — P43n).(P4ln — P43n) + (P14n — P4ln).(P14n — P4ln)+

(P23n — Ac).(P23n — Ac) 4 (P32n — Cc).(P32n — Cc)];

OpjectiveFunfile = FileNamelJoin[{ “F:\ \ CabinetDesign”, “mycabfun.m” }|;
RRRROb = OpenWrite[OpjectiveFunfile, PageWidth — 300]

OutputStream|[F:\\ CabinetDesign\ \mycabfun.m, 79] WriteStringl RRRROD,

"% The objective function for the optimization problem. It is formed as a square

of link lengths and offset length of the spatial mechanism \n\n"]
WriteStringRRRROD, “function f = mycabfun(x) \n\n”]

(*WriteString[sRR, “K := 40 \n\n"]*)

WriteString RRRROD,

"t14=x(1);t12=x(2); t21=x(3);t23=x(4);t32=x(5); t34=x(6);t43=x(7);t41=x(8);
\n\n"]

WriteMatlab|ObjFunc, RRRROD, f]

Close[RRRROD] F:\\CabinetDesign\\mycabfun.m (*To minimize the distance be-
tween points in the same axis as well as the links between each axis:*) lequl = t12 — t14 == b1;
lequ2 = t23 — t21 == b2;

lequ3 = t34 — t32 == b3;

lequd = t41 — t43 == b4; Aeqn =

(Normal[Coefficient Arrays[{lequl, lequ2, lequ3, lequd}, {t12, t14, t23, t21, t34, t32, t41, t43}]][]
2]]); b =5;

beqn = {b, b, b, b}; Lmin = 20;

Lmax = 45; nonconl = Chop[—((P21n — P12n).(P21n — P12n) — Lmin"2)];

noncon2 = Chop[—((P32n — P23n).(P32n — P23n) — Lmin"2)];

[
noncon3 = Chop[—((P43n — P34n).(P43n — P34n) — Lmin"2)];
noncon4 = Chop[—((P14n — P41n).(P14n — P41n) — Lmin"2)];
nonconb = Chop[—((P21n — P12n).(P21n — P12n) — Lmax”2)];
noncon6 = Chop[—((P32n — P23n).(P32n — P23n) — Lmax”2)];
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noncon7 = Chop[—((P43n — P34n).(P43n — P34n) — Lmax"2)];
noncon8 = Chop[—((P14n — P41n).(P14n — P41n) — Lmax”2)];
(*Force Transmission optimization™)

acR = N[Pi] * 30/180;

acP = NIPi] % 75/180;

fcl = —(((P21n — P12n)/Sqrt[(P21n — P12n).(P21n — P12n)]).52[[1]]) — Cos|acR];
fc2 = —(((P32n — P23n)/Sqrt[(P32n — P23n).(P32 — P23n)]).S3[[1]]) — Cos[acR];
fc3 = —(((P43n — P34n)/Sqrt[(P43n — P34n).(P43n — P34n)]).54[[1]]) — Cos|acR];

hhh = Table[conx][i], {4, 1,50}]

(*In the obstacle avoidance, it is required to consider more positions along the
trajectory. If we don’t have enough points or we don’t have the trajectory, it is re-
quired to interpolate the task positions to get more intermediate positions. Or we
need to solve the closed form solution to get the joint variables at each position.
Once we have these more positions, inverse kinematics will be applied to obtain the
lists of the subsequent joint angles.*) 0z2 = 32 x Pi/180;

023 = 45 x Pi/180;

3x3 = Pi/2;

N[RotationZ[6z2]];

Pol = {{1,0,0,0},{0,1,0,0},{0,0,1,0},{0,0,0,1} };

Po2 = N[{{Cos|(87)/45], —Sin[(87)/45],0, 0}, {Sin[(87)/45], Cos[(87)/45], 0,0},
{0,0,1,5},{0,0,0,1}}];

Po3 = N H{%o %,5} , {%,0, —%,5} ,{0,1,0,1},{0,0,0, 1}}} ;

homPose = {Pol, Po2, Po3};

dqPoseln = Table[HM2dq[homPose|[i]]], {, 1, Length[homPose] }|;

p3in = {{—1,—1,1},{—0.3181, —1.3780, 6.0000}, {5.0000, 3.5858, 0.0000},

{—1.0806, —1.0622, 1.4950}, {—1.1503, —1.1206, 2.0877}, {—1.1903, —1.1747, 2.7996},
{—1.1618, —1.2267, 3.6508}, { —0.9858, —1.2847,4.6466 }, { —0.5105, —1.3583, 5.7337 } };
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pbin = {{—1,1, —1}, {—1.3780,0.3181, 4.0000}, {3.5858, 5.0000, 2.0000},

{—1.1296, 0.8735, —0.5668}, {—1.2684, 0.7476, —0.0326}, { —1.4086, 0.6270, 0.6302},
{-1.5298,0.5169, 14543}, { —1.5827, 0.4203, 2.4702}, { —1.4585, 0.3365, 3.6772} };

p7in = {{—1, —1, 1}, {—0.3181, —1.3780, 4.0000}, {3.5858, 5.0000, 0.0000},
{—1.0535, —1.1240, —0.5039}, { —1.0942, —1.2409, 0.0921}, {—1.1055, —1.3419, 0.8084},
{—1.0556, —1.4149, 1.6625}, {—0.8830, —1.4441, 2.6556}, {—0.4755, —1.4043, 3.7345} )
p8in = {{1,—1, 1}, {1.3780, —0.3181, 4.0000}, {5.0000, 6.4142, 0.0000},

{0.9448, —1.0472, —0.4792}, {0.8974, —1.0635, 0.1375}, {0.8696, —1.0325, 0.86661,
{0.8845, —0.9324, 17205}, {0.9878, —0.7380, 2.6956}, {1.2659, —0.4208, 3.7423} };

Pmi = {{—0.1329, —0.0679, 0.6099}, {—0.2650, —0.1115, 13806, {—0.3654, —0.1178, 2.3575},
{-0.3489, —0.0791, 3.5784}, {1.0828,0.1712, 6.2500}, {2.9853, 0.7959, 6.3658 ),
{4.5880,2.2245, 4.8947}, {5.1136, 3.8541, 2.8452} };

xm = Table[(p8in[[i]] — p7in[[¢]])/Sqrt[(p8in{[i]] — pTin[[]]). (p8in[i]] — pTin[[i]])],

{7, 1, Length[Pmil }];

ym = Table[(p6in[[i]] — pTin[[4]])/Sqrt[(p6in[[é]] — pTin[[]]).(p6in[i]] — pTin[[i]])],

{7, 1, Length[Pmil }];

zm = Table[(p3in[i]] — p7in([i]]) /Sqrt[(p3in[i]] — pTin([i]]).(p3in[[i]] — p7in[i]})],

{7, 1, Length[Pmil };

homeint =

Table[{ {xm{(7, 1]], ym{[s, 1], 2m{[s, 1]}, P[5, 1]},

{xm[[s, 21], ym([z, 2]}, zm([z, 2]}, Pmil[z, 2]]}, {xm{[s, 3]], ym{[z, 3]], zm([z, 3], Pmil[s, 3]]},
{0,0,0,1}}, {7, 1, Length[xm] }|;

xplot =

Table[

{Thickness[0.01],

Line[{homPose|[[7, {1, 2, 3}, 4]], homPose[[i, {1, 2, 3}, 4]] 4+ 2 * homPose[[i, {1, 2,3}, 1]] },
VertexColors — {Blue}|}, {i, 1, Length[homPose] };
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yplot =
Table[

{Thickness[0.01],

Line[{homPose|[[7, {1, 2, 3}, 4]], homPose[[i, {1, 2, 3}, 4]] + 2 * homPose[[i, {1, 2,3}, 2]] },
VertexColors — {Blue — H } , {7, 1, Length[homPosel } | ;

zplot =

Table[

{Thickness[0.01],

Line[{homPose|[[7, {1, 2, 3}, 4]], homPose[[i, {1, 2, 3}, 4]] + 2 * homPose[[i, {1, 2,3}, 3]] },
VertexColors — {Blue}|}, {i, 1, Length[homPose] };

plotIndexA =

Table[Graphics3D[{xplot[[;]], yplot[[j]], zplot[[j]] }, AspectRatio — Automatic,

Axes — True, AxesLabel — z|, {7, 1, Length[xplot] }];

Show[plotIndexA]

xmplot =

Table[

{Thickness[0.01],

Line[{homeint|[i, {1, 2, 3}, 4]], homeint[[¢, {1, 2, 3}, 4]] + 2 * homeint[[é, {1, 2, 3}, 1]]},
VertexColors — {Red}]}, {7, 1, Length[homeint| };

ymplot =

Table[

{Thickness[0.01],

Line[{homeint|[i, {1, 2, 3}, 4]], homeint[[¢, {1, 2, 3}, 4]] 4+ 2 * homeint[[¢, {1, 2, 3}, 2]]},
VertexColors — {Red — H } , {1, 1, Length[homeint] } | ;

zmplot =

Table[
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{Thickness[0.01],

Line[{homeint|[i, {1, 2, 3}, 4]], homeint[[s, {1, 2, 3}, 4]] + 2 * homeint[[¢, {1, 2, 3}, 3]]},
VertexColors — {Red}]}, {7, 1, Length[homeint] };

plotIndexAm =

Table[Graphics3D [{xmplot[[7]], ymplot[[j]], zmplot|[]] }, AspectRatio — Automatic,
Axes — True, AxesLabel — z], {7, 1, Length[xmplot] }|;

Show[plotIndexAm, plotIndexA]

dqPoseInN = Table[HM2dq[homeint|[:]]], {7, 1, Length[homeint] };
homPoseRel = Table[Flatten[quatmultSep[dqPoseInN|[:]], dqPoseln[[1]]]],
{7, 1, Length[dqPoseInN] }];

S1q = makequate[S1, 01, 0];

S2q = makequate[S2, 62, 0];

S3q = makequate[S3, 63, 0];

S4q = makequate[S4, 04, 0];

Vvector2Ra = Chop[Collect[Expand|quatmult[S1q, S2q]], €]];

Vvector2R = sepQ|Vvector2Ral;

Vvector2R2 = Chop[Collect[Expand|quatmult[S4q, S3q]], €]];

Vvector2R2 = sepQ[Vvector2R2];

coll = Coefficient[Vvector2R, Cos[62/2]Sin[01/2]];

col2 = Coefficient [VvectorQR Cos [ } Sin [ ” ;

col3 = Coefficient [VvectorQR Sin [ } Sin [ ”
cold = Coefficient [VvectorQR Cos [91} Cos 92—2” ;
colln = Coefficient[Vvector2R2, Cos[#3/2|Sin[04/2]];
col2n = Coefficient [VvectorQRQ Cos [ } Sin [g“
col3n = Coefficient [VvectorQRQ Sin [ } Sin [73”
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coldn = Coefficient [Vvector2R2, Cos [%4} Cos [%3” ;

mat = Transpose[{coll, col2, col3, col4 }];

matn = Transpose[{colln, col2n, col3n, col4n}];

soll = Table[Pseudolnverse[mat].homPoseRel[[7]], {7, 1, 8}];

sol2 = Table[Pseudolnverse[matn].homPoseRel[[i]], {7, 1, 8}];

thetal = Table[ArcTan[sol1][z, 1]]/soll][z, 1]]], {7, 1, 8}];

theta2 = Table[ArcTan[sol1][z, 3]]/soll][z, 1]]], {7, 1, 8}];

thetad = Table[ArcTan[sol2|[z, 1]]/sol2][[7, 1]]], {7, 1, 8}];

thetad = Table[ArcTan[sol2|[, 3]]/sol2][[7, 1]]], {7, 1, 8}];

myanglesCabl = Table[{{2 * thetal[[s]], 0}, {2 * theta2[[s]], 0} }, {7, 1, Length[thetal] }];
myanglesCab2 = Table[{{2 * theta3[[7]], 0}, {2 * thetad][[s]], 0} }, {¢, 1, Length[theta2] }];
myaxescabl = {S1, S2};

myaxescab2 = {S3, S4};

Sinn = Table[makequat[S1, thetal[[]], 0], {7, 1, 8}];

S2nn = Table[makequat[S2, theta2[[i]], 0], {7, 1, 8}];

quatmult[S1nn, S2nn)]

myref = homPose[[1]];

chainPoses = AnalyzeC[myaxescabl, myanglesCabl, myref]

xplot =

Table[

Line[{chainPoses|[i, {1, 2, 3}, 4]],

chainPoses[[i, {1, 2, 3}, 4]] + 2 * chainPoses|[[7, {1, 2, 3}, 1]]}, VertexColors — {Red}|,
{7, 1, Length[chainPoses]| }|;

yplot =

Table[

Line[{chainPoses[[, {1, 2, 3}, 4]],

chainPoses[[i, {1, 2, 3},4]] + 2 * chainPoses|[[7, {1, 2, 3}, 2]]}, VertexColors — {Green}],
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{7, 1, Length[chainPoses]| }|;

zplot =

Table[

Line[{chainPoses|[i, {1, 2, 3}, 4]],

chainPoses[[i, {1, 2, 3}, 4]] + 2 * chainPoses|[[7, {1, 2, 3}, 3]]}, VertexColors — {Blue}],
{7, 1, Length[chainPoses]| }|;

plotIndexChain =

Table[Graphics3D[{ Thick, xplot|[7]], yplot[[j]], zplot[[j]] }, AspectRatio — Automatic],

{7, 1, Length[xplot]}];

Show[plotIndexChain]
01s = thetal;
02s = theta2;
03s = thetad;
04s = thetad;

S1q = Table[sepQ2[makequate[S1, 01[[i]], 0]], {7, 1, Lengththetal]}];

S2q = Table[sepQ2[makequate[S2, 625[[i]], 0]], {7, 1, Lengththetal]}];

S3q = Table[sepQ2[makequate[S3, 63s[[i]], 0]], {7, 1, Lengththetal]}];

S4q = Table[sepQ2[makequate[Sd, 04s[[i]], 0]], {7, 1, Length]thetal]}];

S21 = {Append[S2[[1]], 0], Append[S2[[2]], 0]}:

S31 = {Append[S3([1]], 0], Append[S3[[2]], 0] };

S41 = {Append[S4[[1]], 0], Append[S4[[2]], 0]}:

S2m = Chop|Table[quatmultSep|quatmultSep[S1q][i]], S21], quatconj[S1ql[a]]]][[{1, 2}, {1, 2, 3},
{4, 1, Length[thetal]}]];

S3m = Chop|Table[quatmultSep|quatmultSep[S4q][i]], 31, quatconj[Sdql[a]]]][[{1, 2}, {1, 2, 3}]],
{4, 1, Length|thetal]}]];
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Pql12 = {{0,0,0, 1}, Append[P12n, 0] };
Pq21 = {{0,0,0, 1}, Append[P21n, 1]};
Pq23 = {{0,0,0, 1}, Append[P23n, 1]};
Pq32 = {{0,0,0, 1}, Append[P32n, 1]};
Pq34 = {{0,0,0, 1}, Append[P34n, 1]};
Pq43 = {{0,0,0, 1}, Append[P43n, 1]};

P12m = Table[quatmultSep[quatmultSep[S1q][i]], Pq12], quatconj4[S1q[[i]]]][[{1,2}, {1, 2, 3}]],
{i,1, Length[thetal]}];

P21m =

Chop|Table[quatmultSep[quatmultSep[S1q[[i]], Pq21], quatconj4[S1q[[i]]]][[{1, 2}, {1, 2, 3}]],
{i,1, Length[thetal] }]];

P23m =

Chop|Table[quatmultSep[quatmultSep[S1q[[i]], Pq23], quatconj4[S1q[[i]]]][[{1, 2}, {1,2, 3}]],
{i,1, Length[thetal] }]];

P32m =

Chop|Table[quatmultSep[quatmultSep[S4q|[i]], Pq32], quatconj[S4q][i]]]][[{1, 2}, {1, 2, 3}]],
{i,1, Length[thetal] }]];

P34m =

Chop|Table[quatmultSep[quatmultSep[S4q|[i]], Pq34], quatconj[S4q][i]]]][[{1, 2}, {1, 2, 3}]],
{i,1, Length[thetal] }]];

P43m = Table[P43n, {4, 1, Length[thetal]}];

P41m = Table[P41n, {i, 1, Length[thetal] }};

P14m = Table[P14n, {i, 1, Length[thetal] }};

pointD = {{0,0,5}, {5,5,1}};

Sc = {0,0, —5.25};
Re = 6.304;

surfconl = Table[—((P12m][z, 2]] — Sc).(P12m][z, 2]] — Sc)) + Re”2, {1, 1, Length[thetal]}];
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surfcon2 = Table[—((P21m][z, 2]] — Sc).(P21m[[7, 2]] — Sc)) + Rc"2, {i, 1, Length[thetal]}];
surfcon3 = Table[—((P23m][z, 2]] — Sc).(P23m][z, 2]] — Sc)) + Re”2, {1, 1, Length|[thetal]}];
surfcond = Table[—((P32m][z, 2]] — Sc).(P32m[[7, 2]] — Sc)) + Rc"2, {i, 1, Length[thetal] }];

,2]] — Sc).(P34m][z, 2]] — Sc)) + Re”2, {1, 1, Length|[thetal]}];

surfcon6 = Table —Sc)) + Re”2, {4, 1, Length|[thetal] }];

[—
[—
[—
surfconb = Table[—
[—
surfcon7 = Table[—

[—

] S
P41m][[i]] — Sc).(P41m][[{]] — Sc)) + Re”2, {7, 1, Length[thetal]}];
] S

surfcon8 = Table — Sc)) + Re”2, {4, 1, Length|[thetal] }];

surfeon9 =
Table|

~(Sart[(Se — P21m][i, 2]]) x (Se — P12m][i, 2]]).(Se — P21ml[i,2]]) x (Sc — P12m][i,2]])]/
Squt[(P21m][i, 2]] — P12m[[i, 2])).(P21m][7, 2)] — P12m][i, 2]]))]) + Re*2,

{4, 1, Lengthlthetal]}];

surfconl0 =

Table|

—(Sart[(Sc — P23m([[i, 2]]) x (S¢ — P32m([4, 2]]).(Sc — P23m([z, 2]]) x (Sc — P32m([i, 2[])]/
Sqrt[(P23ml[i, 2]] — P32m[[i, 2]]).(P23m][7, 2)] — P32m][[i, 2]]))]) + Re*2,

{4, 1, Lengthlthetal]}];

surfconll =

Table|

~(Sart[(Se — P43m][i, 2]]) x (Se — P34m][i, 2]]).(Sc — P43ml[i,2]) x (Sc — P34m{[i,2]])]/
Squt[(P43ml[i, 2)] — P34m[[i, 2]]).(P43m][7, 2)] — P34m][[i, 2]]))]) + Re*2,

{4, 1, Lengthlthetal]}];

surfconl?2 =

Table|

~(Sart[(Se — P41m][i, 2]]) x (Se — PL4m][i, 2]]).(Sc — P41m][i, 2]]) x (Sc — PL4m][i,2])]/
Squt[(P41ml[i]] — P14m[[i]]).(P41m][d]] — P14m[[i]])]) + Re*2, {i, 1, Length[thetal]}]

nonconset = {nonconl, noncon2, noncon3, noncon4, noncon5, noncon6, noncon?,
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noncons, fel, fc2, fc3, surfeon1[[1]], surfeon1|[2]], surfeon2[[1]], surfeon2([2]],
surfcon3[[1]], surfeon3[[2]], surfcon4[[1]], surfeond|[2]], surfeon5[[1]],
surfcon5([2]], surfeon6[[1]], surfcon6[[2]], surfeon|[1]], surfeon7[[2],
surfcon8[[1]], surfeons|[2]], surfcon9[[1]], surfeon9|[2]], surfeon10][1]],

surfcon10[[2]], surfconl1|[[1]], surfcon11[[2]], surfcon12[[1]], surfcon12[[2]]};
cset = Table[hhh[[i]], {4, 1, Length[nonconset] };
NonlConstfile = FileNameJoin[{ “F:\\CabinetDesign”, “myconcab.m” };

RRRR = OpenWrite[NonlConstfile, PageWidth — 300]

OutputStream|[F:\\ CabinetDesign\ \myconcab.m, 88|
WriteString[RRRR,
"%The set of nonlinear constraints applied to the optimization of a four bar spatial
mechanism \n\n"]
WriteString]RRRR, “function[c,ceq]=myconcab(x) \n\n”]
(*WriteString[sRR, “K := 40 \n\n"]*)
WriteString[RRRR,
nt1d=x(1);t12=x(2); t21=x(3);t23=x(4);t32=x(5); t34=x(6):t43=x(7);t41=x(8);
\n\n"]
Table[WriteMatlab[nonconset[[7]], RRRR, hhh[[i]]], {7, 1, Length[nonconset| }|;
WriteMatlab[cset, RRRR, ¢]
WriteString[RRRR, “ceq=[];”]
Close[RRRR] F:\\CabinetDesign\ \myconcab.m
(*Writing the linear constraint equations and the genetic algorithm executable file

in to the Matlab file. “mycabrun.m” is the one we need to run it in matlab to get

the solution.*) xinitial = RandomReal[{—4000, 4000}, 8]

{1058.23, 847.305, 1034.41, —1359.03, 808.926, 3277.65, —609.296, 2319.75}
linConstfile = FileNamelJoin[{ “F:\ \ CabinetDesign”, “mycabrun.m” }|;
RRRRIin = OpenWrite[linConstfile, PageWidth — 300]

OutputStream|[F:\ \ CabinetDesign\ \mycabrun.m, 90]
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WriteMatlab[Aeqn, RRRRlin, Aeq]
WriteMatlab[beqn, RRRRIin, beq]
WriteMatlab|[xinitial, RRRRIin, x0]
WriteString]RRRRlin,
"options=gaoptimset('PlotFcns’,{ @Qgaplotbestf, @gaplotmaxconstr}, Display’,’iter’,"HybridFen’,
@fmincon);\n\n"];

WriteString]RRRRlin,
“Ix,fval,exitflag,output,lambdal=ga(@mycabfun,8,[],[],Aeq,beq,[],[],@myconcab,options)\n\n"|
WriteStringlRRRRIin, “save(’datax’,’x”)\n\n"]

Close[RRRRIin]

F:\\CabinetDesign\ \mycabrun.m

(*The solution obtained from matlab is imported in the following steps and the

mechanism is plotted™)

x = Flatten[Import[“F:\\CabinetDesign\ \datax.mat”]]

= (S]] > S{[2]])/(SH[A]}-S1]]);
= (S2[[1]] = S2[[2]])/(S2[[1]}-S2[[1]]);
C3 = (S3[[1]] > S3[[2]])/(S3[[1]]-S3[[1]]);
C4 = (S4{[1]] > S4{[2]]) /(S4[[1]]-S4[[1]]);
P12nn = C1 + t12 % S1[[1]]/.{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]],t23 — z[[4]],

t32 — z[[5]],t34 — z[[6]],t43 — z[[7]],t41 — =z[[8]]};
P2Inn = C2 + t21 % S2[[1]]/.{t14 — z[[1]], t12 — =z[[2]], t21 — =[[3]],t23 — z[[4]],
t32 — z[[5]],t34 — z[[6]],t43 — z[[7]],t41 — z[[8]]};

t32 — z[[5]],t34 — z[[6]],t43 — z[[7]],t41 — z[[8]]};
P32nn = C3 + t32 % S3[[1]]/.{t14 — z[[1]], t12 — =z[[2]], t21 — =[[3]],t23 — z[[4]],

[ [
] J
[ [
) )
P23nn = C2 + 23 * S2[[1]]/.{t14 — z[[1]],t12 — =[[2]],t21 — 2[[3]],423 — =[[4]],
) )
[ [
£32 — 2[[5]), 34 — 2[[6]],t43 — 2[[7])],t41 — x[[8]]};
[ [

P34nn = C3 + t34 = S3[[1]]/.{t14 — z[[1]], t12 — =z[[2]], t21 — =[[3]],t23 — z[[4]],
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t32 — z[[5]],t34 — x[[6]],t43 — =z[[7]], t41 — =z[[8]]};

P43nn = C4 + t43 % S4[[1]]/.{t14 — z[[1]],t12 — =z[[2]], t21 — z[[3]],t23 — z[[4]],
t32 — z[[5]],t34 — x[[6]],t43 — =z[[7]], t41 — =z[[8]]};

P4lnn = C4 + t41 % S4[[1]]/.{t14 — =z[[1]],t12 — =z[[2]], t21 — z[[3]],t23 — z[[4]],
t32 — z[[5]],t34 — x[[6]],t43 — =z[[7]], t41 — =z[[8]]};

Pl4nn = C1 + t14 % S1[[1]]/.{t14 — =[[1]], t12 — =z[[2]], t21 — z[[3]],t23 — z[[4]],
t32 — x[[5]],t34 — =x[[6]],t43 — z[[7]], t41 — =z[[8]]};

linkagemcom =

Graphics3D|[List|Line[{P12nn, P14nn}, VertexColors — VertexColorl[[4]]],
Thickness[0.006], Line[{P12nn, P21nn}, VertexColors — VertexColor1[[1]]],
Thickness[0.006], Line[{P21nn, P23nn}, VertexColors — VertexColor1[[4]]],
Thickness[0.006],

Line[{P32nn, P34nn}, VertexColors — VertexColor1[[4]]], Thickness[0.006],
Line[{P43nn, P41nn}, VertexColors — VertexColor1[[4]]], Thickness[0.006],
Line[{P23nn, P32nn}, VertexColors — VertexColor1|[[1]]], Thickness[0.006],
Line[{P34nn, P43nn}, VertexColors — VertexColor1|[[1]]], Thickness[0.006],
Line[{P41nn, P14nn}, VertexColors — VertexColor1|[[1]]], Thickness[0.006],
Line[{Ac, Bc}, VertexColors — VertexColorl[[5]]], Thickness[0.007],

Line[{Bc, Cc}, VertexColors — VertexColor1|[[5]]], Thickness[0.007],

Line[{Cc, Dc}, VertexColors — VertexColor1[[5]]], Thickness[0.007],

Line[{Dc, Ac}, VertexColors — VertexColor1|[5]]], Thickness[0.007],

Line[{P23nn, Bc}, VertexColors — VertexColorl[[5]]], Thickness[0.007],
Line[{P32nn, Dc}, VertexColors — VertexColorl1|[[5]]], Thickness[0.007],

AxesLabel — {X,Y, Z}]]

Points = {P14nn, P12nn, P21nn, P23nn, P32nn, P34nn, P43nn, P41nn}/.

{t14 — z[[1]],t12 — =z[[2]],t21 — =[[3]], t23 — =z[[4]],t32 — =z[[5]],t34 — =z[[6]],
t43 — z[[7]],t41 — x[[8]]}
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Func =
Chop[(P12nn — P14nn).(P12nn — P14nn) + (P21nn — P12nn).(P21nn — P12nn)+
(P23nn — P21nn).(P23nn — P21nn) + (P32nn — P23nn).(P32nn — P23nn)+

(P34nn — P32nn).(P34nn — P32nn) + (P43nn — P34nn).(P43nn — P34nn)+

+(
(P41nn — P43nn).(P41nn — P43nn) + (P14nn — P41nn).(P14nn — P41nn)]/.
{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — x[[4]],t32 — =z[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P12nn — P14nn).(P12nn — P14nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — x[[4]],t32 — =z[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P23nn — P21nn).(P23nn — P21nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — x[[4]],t32 — =z[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P34nn — P32nn).(P34nn — P32nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — =x[[4]],t32 — =x[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P41nn — P43nn).(P41nn — P43nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — x[[4]],t32 — =x[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P21nn — P12nn).(P21nn — P12nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — =x[[4]],t32 — =z[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P32nn — P23nn).(P32nn — P23nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — =x[[4]],t32 — =x[[5]],t34 — x[[6]],
t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P43nn — P34nn).(P43nn — P34nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — =x[[4]],t32 — =z[[5]],t34 — =x[[6]],
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t43 — z[[7]],t41 — z[[8]]}

Sqrt[(P14nn — P41nn).(P14nn — P41nn)]/.

{t14 — z[[1]],t12 — =z[[2]],t21 — z[[3]], t23 — =x[[4]],t32 — =z[[5]],t34 — =x[[6]],
t43 — z[[7]],t41 — z[[8]]}

(*Once the mechanism fulfills the requirement the next step is to model the mech-
anism in solidworks. In this case we need the points on the axes,and exporting the

points to excel will simplify for latter use in solidworks.*)

Export[“F:\\CabinetDesign\ \ fourbarpoints.xls”, Points]

F:\\CabinetDesign\ \ fourbarpoints.xls
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