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Linear System Identification via Rational Function 

Approximation of Empirical Transfer Function Estimates 

 

Thesis Abstract – Idaho State University (2019) 

 

The most widespread approach to optimal prediction of discrete-time systems relies on 

prediction error methods (PEMs), for which a bulk of theoretical results is available.  In this thesis 

research, we consider the problem of identifying the transfer function of discrete linear systems 

using frequency domain approach. An ARX model structure is used to represent known system 

models, and their approximate empirical transfer function estimates are generated using random 

input sequence. The main objective is to recover the original system models using the empirical 

transfer function estimates as major input to our main MATLAB® coded program. The 

effectiveness of this method is illustrated by comparing, with no bias, the test problems’ results 

with those from MATLAB® system identification toolbox. 

 

 

Key Words: Empirical transfer function estimates (ETFE), ratdisk, ARX model.
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Chapter 1: Introduction 

1.1 Overview 

System identification is a technique that is used to obtain mathematical model of dynamic 

process based on the input and output signal from a process or plant. The model obtained can 

relate the input and output relationship involved in the experiment. Generally, a modeling 

approach starts with one or more experiments involving the system to obtain the input and 

output data, followed by model structure selection, model estimation and model validation. 

Pedro Gonnet, Richardo Pachon and Lloyd Trefethen in their paper titled “Robust Rational 

Interpolation and Least-Squares” proposed an algorithm, with MATLAB® program 

implementation, that removes spurious poles in a function defined on the unit circle in the 

complex plane and produces a robust linearized least-squares approximants [7]. 

This thesis presents a method of identifying a discrete time linear system using the empirical 

transfer function estimates obtained from an ARX model representation of the rational function, 

with the help of a 58-line MATLAB® code named Ratdisk; written by PEDRO GONNET et al and 

published in 2011. An ARX model structure is used to represent the known system and coded in 

MATLAB®, where the approximate empirical transfer function estimate of this known system is 

supplied to the Ratdisk for identification. Ratdisk, a MATLAB® code, accepts the empirical 

transfer function, the numerator and the denominator orders of the system, number of samples, 

and then estimates the original transfer function of the system. Like every other black box model 

estimation, this method does not require much prior knowledge of the parameters that make up 
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the dynamics of the system, however the code is written such that the system order, or a guess 

of the system order be supplied as an input to the code. 

1.2 System Identification Procedure 

System identification is a procedure to build a mathematical model of the dynamics of a system 

from measured data. It could be considered as approximate modeling for a specific application 

based on available observed data and prior system knowledge [2]. Unlike modeling from first 

principles, which requires an in-depth knowledge of the system under consideration, system 

identification methods can handle a wide range of system dynamics without much knowledge of 

the actual system physics. 

1.3 System Identification Basic Entities  

The construction of model from a given measurement data involves three basic entities [1]: 

i. A set of data 

ii. A model structure 

iii. A rule by which the model structure can be assessed using the data. 

1.4 The system Identification Loop 

The system identification procedure has a fundamental logical routine. First is data collection, 

next is choosing a model set and picking the best model in this set. It is common to obtain a first 

model that does not pass the model validation test [1]. In which case the various steps of the 

procedure be revised. Figure 1.1 describes in some detail the procedure for system identification. 
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1.5 Objectives:   

• The objective of this research work is to use frequency domain approach via empirical 

transfer function estimates (ETFE) in identification of systems.  

• Second objective is to analyze and compare the results of the systems identified using 

Ratdisk code and that obtained from MATLAB® system identification toolbox GUI.  

1.6 Thesis Outline 

Chapter two presents the different categories of system models. We discuss the Black Box 

Model, the General Linear Polynomial Model, and some other important equation error models 

used in system identification.  

Chapter three introduces linear dynamic systems in the form of difference equations. We 

present a least-square solution approach to the ARX Model. We also discuss the validation of 

estimated models.  

Chapter four presents the frequency domain analysis of rational functions. We explain the 

formation of the empirical transfer function estimates, the discrete Fourier transform, the fast 

Fourier transform, and the Z-transform. 

Chapter five is a collection of test problems, the numerical results, and analysis. 

Chapter six presents the conclusion and possible future research work.  
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Chapter 2: System Identification Models 

Choosing a proper model structure is an important requirement before attempting system 

estimation. There are two major categories of models common in system identification: the 

black-box model and the grey-box model. 

2.1 The Black-box Model  

The black-box model assumes that the physical dynamics of systems are unknown and that 

parameters are adjustable. The black box is an abstraction representing a class of concrete open-

loop systems which can be viewed solely in terms of their inputs and output reactions.  Black-box 

modeling is useful when the primary interest is in fitting a set of data regardless of the original 

mathematical structure of the model [4]. A variety of parametric model structures are available 

to assist in modeling the black box. Parametric models describe systems in terms of differential 

equations and transfer functions. These models provide understanding of the physical system 

dynamics and compact structures. It is important to test several structures to determine the best 

model fit. A parametric model could define a continuous-time system or a discrete-time system. 

This research is focused on discrete-time systems identification.  

2.2 The Grey-box Model 

In Grey-box modeling, part of the information about the underlying dynamics or some of the 

physical parameters of the system are already known [3]. One can select the grey box model to 

specify these partially known physical parameters or some constraints. Then, the remaining 

unknown parameters of the partially known model will be determined using estimation methods.  
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Grey-box model identification involves optimization process to minimize the difference between 

the estimated output and the measured real output. Finding the global optimum depends on the 

limit range set and the initial values. 

2.3 General Linear Model 

This represents systems using (2.1) below, which is known as the general-linear polynomial 

model. 

𝑦(𝑡)  =  𝐺(𝑞, 𝜃)𝑢(𝑡)  +  𝐻(𝑞, 𝜃)𝑒(𝑡)                                                                                              (2.1a) 

 𝑒(𝑡)  = zero mean white noise                                                                                                        (2.1b) 

𝑢(𝑡) and 𝑦(𝑡) are the input and output of the system respectively. 

𝐺(𝑞, 𝜃)  is the transfer function of the deterministic part of the system while 

𝐻(𝑞, 𝜃) is the transfer function of the stochastic part of the system (𝑞 is backward time shift 

operator). 𝜃 is the parameter vector that ranges over the subset Rd, where d is the dimension of 

𝜃[1].  

             𝜃 Є  DM ⊂ Rd                                                                                                                                         (2.2) 

DM
 is set of values over which 𝜃 ranges in a model structure.  

(2.1) to (2.2) represent a set of models. Depending on the purpose of the model, the focus is to 

select via estimation that member of the set that appears to be most suitable for the model.  

One step output prediction of (2.1) is represented as follows [1]: 

�̂�(𝑡 𝜃)  =  𝐻−1(𝑞, 𝜃)𝐺(𝑞, 𝜃)𝑢(𝑡) + [1 − 𝐻−1(𝑞, 𝜃)]𝑦(𝑡)⁄                                                                          (2.3) 

�̂�(𝑡 𝜃) ⁄  is the estimate of the output 𝑦(𝑡 𝜃) ⁄  
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Models that specify 𝐺 and 𝐻 as in (2.1) and (2.3) could be called predictor model [1]. 

M(𝜃) is a model associated with the parameter 𝜃 . 

The generalized linear model structure has five polynomials A, B, C, D, and F [3].  

   𝐴(𝑞)𝑦(𝑡) =  
𝐵(𝑞)

𝐹(𝑞)
𝑢(𝑡) +

𝐶(𝑞)

𝐷(𝑞)
𝑒(𝑡)                                                                                                    (2.4) 

                             

                                                                                

                                                                          𝑒(𝑡)  

                                                                           

                                         

 

 

 

 

 

 

           𝑢(𝑡)                                                                                                                          𝑦(𝑡) 

 

 

         Figure 1.2 General Linear Polynomial Model 

There are other simpler models that are subset of the general linear model. In practice, the 

general model is generally over parameterized. Following are other less complex model 

structures frequently used in system identification. These less complex models are obtained by 

setting some polynomials in (2.4) to unity [1],[3].  

 

 

𝐶(𝑞)

𝐷(𝑞)
 

 

𝐵(𝑞)

𝐹(𝑞)
 +               

1

𝐴(𝑞)
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2.3.1 The AR Model 

The Autoregressive model structure is a process model used in the generation of models where 

outputs depend only on previous outputs [1],[2]. It has no system inputs or disturbances. There 

is a limitation to the class of problems AR model can solve due to its simplicity [3]. It is a model 

for a signal, not a system [1]. The AR process is an example of a stochastic process, which has 

degrees of built in randomness – that is, being able to predict future trends well with past data, 

but we will never get 100 percent accuracy [3]. As a subset of the general linear model, 𝐵(𝑞), 

𝐶(𝑞) and 𝐷(𝑞) are unity. 

     𝑦(𝑡) =  
1

𝐴(𝑞)
𝑒(𝑡)                                                                                                                               (2.5) 

 

                                                                      𝑒(𝑡)  

                                                                                     𝑦(𝑡)   

                                                               

                                            Figure 1.3 AR Model                                                                                             

 2.3.2 The ARX Model 

The ARX is an acronym for AutroRegression with eXogenous input [1]. It is the simplest model 

incorporating the stimulus signal [3]. The estimation of the ARX model is the most efficient of 

the polynomial estimation methods because it is the result of solving linear regression 

equations in analytic form [4]. The ARX model is used in this research work to accurately 

represent the benchmark systems and polynomials used in testing our proposed method of 

identification. 

       
1

𝐴(𝑞)
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      𝑦(𝑡) =
𝐵(𝑞)

𝐴(𝑞)
𝑢(𝑡)  +  

1

𝐴(𝑞)
𝑒(𝑡)                                                                                                        (2.6) 

                                                                                       

 

                                                                                 𝑒(𝑡)  

                                                                                                                                                                                                                                                                         
                    𝑦(𝑡)                                                                                                𝑢(𝑡) 

 

                

              Figure 1.4 ARX Model Structure 

2.3.3 ARMA Model 

Autoregressive Moving Average (ARMA) is a representation of a stochastic process. The 

stochastic part of the general linear model (2.4) is an ARMA process. For ARMA models; 𝐵 ≡

0, 𝐷 ≡ 𝐹 ≡ 1 [1]. ARMA is also a stationary process.  

𝑣(𝑡) =  
𝐶(𝑞)

𝐴(𝑞)
𝑒(𝑡)                                                                                                                                  (2.7) 

𝑣(𝑡) is the stochastic part of the general linear model (2.4). 

 

                              𝑒(𝑡) 

 

                                                  

 

 

                                                                                         𝑦(𝑡)                                                                                                          

 

 

          Figure 1.5 ARMA Model Structure 

 

𝐵(𝑞) +               

1

𝐴(𝑞)
 

       

+ 

1

𝐴(𝑞)
 

𝐶(𝑞) 
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2.3.4 ARMAX Model 

The Autoregressive Moving Average Exogenous (ARMAX) model structure is ARX with 

disturbance dynamics. It adds flexibility to ARX model by describing the equation error as a 

moving average of the disturbance term [1]. This model is useful when there is a dominating 

disturbance that enters early in the process, such as at the input [3].  

 

       𝑦(𝑡) =
𝐵(𝑞)

𝐴(𝑞)
𝑢(𝑡) +  

𝐶(𝑞)

𝐴(𝑞)
𝑒(𝑡)                                                                                                    (2.8) 

 

 

                                                                         𝑒(𝑡) 

 

 

 

 

 

        𝑢(𝑡)                                                                                                           𝑦(𝑡)   

 

 

              Figure 1.6 ARMAX Model Structure 

 

2.3.5 Box-Jenkins Model 

The Box-Jenkins (BJ) named after statisticians George Box and Gwilym Jenkins is a model 

structure that provides a complete model with disturbance properties modeled separately from 

system dynamics. This model type is mostly used when there are disturbances that enter late in 

the process [3]. 

          𝑦(𝑡) =
𝐵(𝑞)

𝐹(𝑞)
𝑢(𝑡) + 

𝐶(𝑞) 

𝐷(𝑞)
𝑒(𝑡)                                                                                 (2.9) 

𝐵(𝑞) +        

1

𝐴(𝑞)
 

                

𝐶(𝑞) 
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                                                                   𝑒(𝑡) 

 

 

 

                                                                                                                                                

         𝑢(𝑡)                                                                        𝑦(𝑡)      

                                                                                                                                                                                                                        

Figure 1.7 Box-Jenkins Model Structure 

 

2.3.6 Output-Error Model (OE) 

This model describes system dynamics separately and no parameters are used for modelling 

the disturbance characteristics. 

                 𝑦(𝑡) =
𝐵(𝑞) 

𝐹(𝑞)
𝑢(𝑡) +  𝑒(𝑡)                                                                                                   (2.10) 

 

 

                                                                                           𝑒(𝑡)                                                                                 

                                                                                                                           

                    𝑢(𝑡)                                                                     𝑦(𝑡) 

                                                           

             Figure 1.8 Output Error Model Structure 

2.4 Transfer Function Model 

The general-linear polynomial models discussed in 2.4 are used in stochastic control – where 

the deterministic and stochastic parts are described. Transfer function models are commonly 

𝐵(𝑞)

𝐹(𝑞)
 +               

𝐶(𝑞)

𝐷(𝑞)
 

       

𝐵(𝑞)

𝐹(𝑞)
 

 

+               
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used to describe only the deterministic part of a system. In classical control engineering, the 

deterministic part of the system is more important than the stochastic part. Transfer function 

models can describe both continuous-time and discrete-time systems. 

In the time domain, for linear time invariant (LTI) systems, we have 

𝑦(𝑡) =  𝑔(𝑡) ∗ 𝑢(𝑡) + 𝑒(𝑡)  or 

𝑦(𝑘) =  𝑔(𝑘) ∗ 𝑢(𝑘) + 𝑒(𝑘)  

with  𝑔(𝑡), 𝑔(𝑘) , being the unit impulse response of the system, and * represents convolution 

(over the time range (0,t) or (0,k) since we assume causality). 

 In the frequency (Laplace or Z-transform) domain, we have 

𝑌(𝑠) =  𝐺(𝑠)𝑈(𝑠) + 𝐸(𝑠)  

𝑌(𝑧) =  𝐺(𝑧)𝑈(𝑧) + 𝐸(𝑧)  

with upper case variables denoting when L(𝑔(𝑡)) = 𝐺(𝑠) or 𝑧(𝑔(𝑡)) = 𝐺(𝑧). 

𝐺(𝑠) and 𝐺(𝑧) are the “Transfer” functions.  

By an abuse of notation, which is generally accepted in the controls community, 

we write: 

𝑦(𝑡)  =  𝐺(𝑠)𝑢(𝑡)  +  𝑒(𝑡)  

𝑦(𝑘)  =  𝐺(𝑧)𝑢(𝑘)  +  𝑒(𝑘)  

as denoting Transfer function models.   
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2.4.1 State-Space Model 

The classical parametric system identification model minimizes performance function based on 

sum of square errors. These methods work well in many cases. However, for complex systems 

with high order, multiple inputs and outputs, and large number of measurements; the classical 

methods suffer from several problems. They could experience local minima in the performance 

function which could result to no convergence to global minima. State-space model is preferred 

when the system has such complicated multiple-input and multiple-output (MIMO) physical 

systems. The following equations describe a state-space model. 

𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐾𝑒(𝑡) 

                                             𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡) + 𝑒(𝑡)                                                             (2.11)                                                             

 

𝑥(𝑡) is the state vector, 𝑦(𝑡) is the system output, 𝑢(𝑡) the system input and 𝑒(𝑡) is the 

stochastic error. A, B, C, D, and K are the system matrices. The dimension of the state 

vector 𝑥(𝑡) is the only parameter needed to provide for the state-space model. This classical 

method of representing linear dynamic systems became popular after Kalmam’s (1960) work on 

prediction and linear quadratic control [1]. The State-space model is similar to “first principle 

models”, and so, provides a more complete representation of system than the polynomial 

models [3].   
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Chapter 3:  ARX Model and the Linear Least Squares Method 

3.1 Linear dynamic System  

A Linear difference equation is a common way of representing the relationship between input 

and output of the ARX model of a linear dynamic system [1]. 

                                      𝑦(𝑡) + 𝑎1𝑦(𝑡 − 1) + ⋯ + 𝑎𝑛𝑦(𝑡 − 𝑛) = 𝑏1𝑢(𝑡 − 1) + ⋯ +

                                            𝑏𝑚𝑢(𝑡 − 𝑚) + 𝑒(𝑡)                                                                                                                               (3.1) 

𝑒(𝑡) is white noise that enters as direct error in the difference equation.  

A more useful way of presenting (3.1) is: 

𝑦(𝑡) = −𝑎1𝑦(𝑡 − 1) − ⋯ − 𝑎𝑛𝑦(𝑡 − 𝑛) + 𝑏1𝑢(𝑡 − 1) + ⋯ 

                                                    +𝑏𝑚𝑢(𝑡 − 𝑚) + 𝑒(𝑡)                                                                                         (3.2) 

Vector representation of (3.1) for more compact notation: 

                       𝜃 = [𝑎1 … 𝑎𝑛  𝑏1 … 𝑏𝑚]𝑇                                                                                              (3.3)                                  

                   𝜑(𝑡) = [−𝑦(𝑡 − 1) … − 𝑦(𝑡 − 𝑛)  𝑢(𝑡 − 1) … 𝑢(𝑡 − 𝑚)]𝑇
                                                                      (3.4) 

                    𝑦(𝑡) =  𝜑𝑇(𝑡)𝜃  

                     𝐴(𝑞) = 1 +  𝑎1𝑞−1 + ⋯ + 𝑎𝑛𝑞−𝑛  

                                 𝐵(𝑞) = 𝑏0 +  𝑏1𝑞−1 + ⋯ + 𝑏𝑚𝑞−𝑚 

Equation (3.1) corresponds to (2.1)-general linear model equation: 

                      𝐺(𝑞, 𝜃) =
𝐵(𝑞)

𝐴(𝑞)
 , 𝐻(𝑞, 𝜃) =

1

𝐴(𝑞)
                                                                                    (3.5) 
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𝐴(𝑞)𝑦(𝑡) is the autoregressive part of the ARX model (3.1) while 𝐵(𝑞)𝑢(𝑡) is the exogeneous 

term [1].  

The output 𝑦(𝑡) in this linear regression model (3.1) is defined in terms of the variables 𝜑  plus 

an unobserved error term 𝑒. Let the independent variable 𝑡 = 1, … , 𝑁, and 𝑦: =

[𝑦(1), … , 𝑦(𝑁)]𝑇,  

𝑒 = [𝑒(1), … , 𝑒(𝑁)]𝑇, 𝜃 = [𝑎1 … 𝑎𝑛  𝑏1 … 𝑏𝑚]𝑇as defined in (3.3) be a column vectors of the 

appropriate dimension. 

 Φ𝑡𝑗
: = 𝜑𝑗(𝑡)                                                                                                                                           (3.6) 

 𝑗 = 1, … , 𝑝.  𝑝 is the number of unknown parameters, 𝑝 =  𝑛 + 𝑚.  

The model 3.1 can be expressed in matrix notation as  

𝑦 = Φ𝜃 + 𝑒                                                                                                                                             (3.7) 

It can be seen however, that (3.1) is a description of a dynamic system with unknown 

parameter 𝜃 and an observation matrix, called the regressor matrix Φ, with known elements 

relating the parameters to the observations [2].  

3.2 Least Squares Estimation 

In regression analysis, least squares estimation, also called least squares fitting, is the technique 

of finding the best fit curve for a set of data.  At the end of the eighteenth century, Karl 

Friedrich Gauss formulated the principles of the least squares while he was determining the 

orbits of planets and asteroids. He stated that the unknown parameters 𝜃  of a mathematical 

model should be chosen in a such a way that:  
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                 the sum of the squares of the differences between the actually  

                 observed and the computed values, multiplied by numbers that 

                 measure the degree of precision, is a minimum [11]. 

Gauss postulated that a good way of estimating the unknowns from a given measurement data 

is by demanding that the prediction errors, also called residuals 𝜀(𝑡) ≔ 𝑦(𝑡) − 𝜑𝑇(𝑡)𝜃,  are 

small [2]. This is formally stated thus; that we shall choose the parameter vector 𝜃 such that the 

sum of squared prediction errors 

𝐽(𝜃): = ∑ 𝜀2𝑁
𝑡=1 (𝑡)  = ∑ [𝑦(𝑡) − 𝜗𝑇(𝑡)𝜃]2𝑁

𝑡=1                                                                                  (3.8) 

is minimal. The quantity 𝐽(𝜃) is a scalar function known as least-squares objective function [2]. 

Using the matrix theory (Φ𝜃)𝑇 = 𝜃𝑇Φ𝑇, equation (3.8) can be written as  

𝐽(𝜃) ≔ 𝜀𝑇𝜀 = (𝑦𝑇 − 𝜃𝑇Φ𝑇)                                                                                                              (3.9) 

The scalar 𝐽 is minimal if and only if the derivative of 𝐽 with respect to 𝜃 is zero. In other words, 

𝐽 is a 𝑝-dimensional vector and the second derivative is positive. Equations (3.10) and (3.11) are 

standard results of vector-matrix derivatives, which were employed in deriving the normal 

equation as follows; 

 
𝜕𝑎𝑇𝜃

𝜕𝜃
= 𝑎                                                                                                                                               (3.10) 

𝜕𝜃𝑇𝐴𝜃

𝜕𝜃
= (𝐴 + 𝐴𝑇)𝜃                                                                                                                             (3.11) 

The terms in the scalar function 𝐽 are also scalars, so that,  

with 𝑦, Φ𝜃𝜖ℝ𝑁, 𝑦𝑇Φ𝜃 = 𝜃𝑇Φ𝑇𝑦 and then, 
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𝐽(𝜃) = 𝑦𝑇𝑦 − 𝑦𝑇Φ𝜃 − 𝜃𝑇Φ𝑇𝑦 + 𝜃𝑇Φ𝑇Φ𝜃               

  = 𝑦𝑇𝑦 − 2𝜃𝑇Φ𝑇𝑦 + 𝜃𝑇Φ𝑇Φ𝜃                                                                                                      (3.12) 

Therefore, the derivative of 𝐽 in (3.12) with respect to 𝜃 gives the following  

 
𝜕𝐽(𝜃)

𝜕𝜃
=  −2Φ𝑇𝑦 + 2Φ𝑇Φ𝜃                                                                                                              (3.13) 

The derivative of 𝐽(𝜃)  is zero if and only if  

Φ𝑇Φ�̂� = Φ𝑇𝑦                                                                                                                                      (3.14) 

Which are referred to as the normal equations. Mathematically (but not numerically), the 

ordinary least squares estimate can be deduced from (3.14) by multiplying both sides with 

(Φ𝑇Φ)−1( assume Φ has full rank).  

 𝜃 = (Φ𝑇Φ)−1Φ𝑇𝑦                                                                                                                             (3.15) 

Equation (3.15) estimates the unknown parameters 𝜃 if and only if 𝑝 X 𝑝 matrix Φ𝑇Φ  is 

invertible. The next is to show that 𝜃 gives a minimum of 𝐽. 

 Let 𝜃 = 𝜃 + Δ𝜃                                                                                                                                   (3.16) 

A substitution of (3.15) into (3.12) gives 

𝐽(𝜃) = 𝐽(𝜃) − (Δ𝜃)𝑇Φ𝑇Φ(Δ𝜃)                                                                                                       (3.17) 

Thus, 𝐽(𝜃) has a minimum at 𝜃 if  

 (Δ𝜃)𝑇Φ𝑇Φ(Δ𝜃) > 0 
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Least-squares method of estimation could also be interpreted from the perspective of the 

dependency between the estimate and the number of output samples 𝑁. In a case where the 

number of output measurements is equal to the number of the unknown parameters 𝑝; 

 𝜃 = Φ−1𝑦                                                                                                                                            (3.18) 

Equation (3.18) gives the parameter estimates  𝜃 provided Φ−1 is invertible, in other words, the 

columns of the square matrix Φ  are independent. The noise associated with the output in this 

case (of 𝑁 = 𝑝) is directly reflected in the estimate 𝜃[2]. In practice, 𝑁 is mostly chosen much 

larger than the number of unknown parameters. If 𝑁 > 𝑝, as is the case of this thesis main 

work, there are more equations than unknown parameters, and the estimate is that in (3.15); 

𝜃 = (Φ𝑇Φ)−1Φ𝑇𝑦, where  (Φ𝑇Φ)−1Φ𝑇 is called the pseudo inverse of Φ. 

The third case is where 𝑁 < 𝑝, the number of unknowns exceed the number of equations, and 

therefore, no unique solution exists. 

Note that model (3.1) can be represented such that y(t) could be seen as being calculated from 

past data that depends on the parameters in 𝜃 .  

                     �̂�(𝑡 𝜃)  = ⁄ 𝜑𝑇(𝑡)𝜃 =  𝜃𝑇𝜑(𝑡)                                                                                     (3.19) 

�̂�(𝑡 𝜃) ⁄  is the output estimation. 

 

 

 



19 
 

3.3 Identifiability  

The basic assumption in most identification exercise is identifiability. The problem of 

identifiability is whether the identification procedure will give a unique parameter 𝜃, or 

whether the resulting model is equivalent to the true system [1]. In other words, identifiability 

is the ability to estimate a model uniquely, translating to: 

• The model being unique with respect to its parameter 

• Being able to resolve unambiguously between models of different structures with data 

evidence 

• Being equipped with the ability to uniquely estimate the parameters of given model 

structure from a given data set.  

In this research, we assume a-priori that our system model is estimated with a large enough 

data set with sufficiently “rich” inputs that identifiability is generally assumed. 

3.4 Validation of Estimated Model 

In order to validate the estimated output, the following approaches may be used [12]: 

• Compare the estimated output to the actual output [12]. The difference between the 

estimated output and actual output are the residuals. 

• Analysis of autocorrelation and cross-correlation of residuals with input. 

• Analysis of model response in terms of impulse, step, or frequency response plots [12]. 

• Considering plots of poles and zeros of linear parametric model [12]. 
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• Comparison between non-parametric and parametric models [12]. Nonparametric 

models would include impulse, step, and frequency response models; whereas 

parametric models would include linear polynomial models, state-space models, and 

non-linear parametric models [12]. 

• Comparison between models through Akaike Information Criterion, or Akaike Final 

Prediction Error [12]. 

• Making linear and non-linear plots for Hammerstein-Wiener and non-linear 

            ARX models [12]. 

3.4.1 Residuals (𝒓𝒊) and Residual Sum of Squares (𝑹𝑺𝑺) 

Residuals are the differences between the observed data, and what is predicated by the least 

square solution of a regression equation. The RSS is the measure of discrepancy between the 

actual(observed) data and the identified model [7], [8].    

                                              𝑟𝑖 =  𝑦𝑖 − �̂�𝑖 ;                                                                                          (3.20)                                    

                                            𝑖 = 1, 2, … 𝑁  

𝑦𝑖 = observed data points. 

�̂�𝑖 = predicted output data points.  

 𝑁 = total number of data points 

   𝑅𝑆𝑆 =  ∑ (𝑦𝑖 − �̂�𝑖 )
2𝑁

𝑖                                                                                                                     (3.21) 
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3.4.2 Mean Square Error (MSE) 

The MSE is a risk function that measures the average squared difference between the 

estimated values and the actual value [7].  

                                       𝑀𝑆𝐸 =
𝑅𝑆𝑆

𝑁
                                                                                                    (3.22) 

                                      =  
∑ (𝑦𝑖−�̂�𝑖 )

2𝑁
𝑖  

𝑁
                                                                                                  (3.23) 

3.4.3 Percentage Fit to Estimation Data 

This is a measure of how well the response of the model fits the estimation data, expressed as a 

percentage.  

             𝑃𝑒𝑟𝑐_𝑓𝑖𝑡 = ((1 −
𝑀𝑆𝐸

𝑦𝑛𝑜𝑟𝑚
) ∗ 100)                                                                                        (3.24) 

             𝑦𝑛𝑜𝑟𝑚 =
∑ (𝑦𝑖)2𝑁

𝑖  

𝑁
                                                                                                                      (3.25) 
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Chapter 4: Frequency Domain Analysis of rational functions 

The focus of this identification method is based on discrete time and frequency domain 

method.  

4.1 Impulse Response Analysis 

For  

𝑦(𝑡)  =  𝐺(𝑞)𝑢(𝑡)  +  𝑣(𝑡)                                                                                                                 (4.1) 

Subject to the impulse input  𝑢(𝑡)  = {
𝛼  , 𝑡 = 0
0  , 𝑡 ≠ 0

                                                                          (4.2) 

𝐺(𝑞) is the true transfer function from 𝑢 to 𝑦; with forward shift operator 𝑞 

𝑣(𝑡) is disturbance, maybe white noise [2]. 

From the definition of transfer function and impulse response, the output will be  

                             𝑦(𝑡) =  𝛼𝑔(𝑡) + 𝑣(𝑡)   

Assuming the noise is negligible, {𝑔(𝑡)} could possibly be determined from an experiment with 

a pulse input. The impulse response coefficient estimate is 

                               �̂�(𝑡) =  
𝑦(𝑡)

𝛼
                                                                                                              (4.3) 

and the error term estimate is  
𝑦(𝑡)

𝛼
 . The shortcoming of this impulse response estimation is 

that many physical processes do not allow pulse inputs of such an amplitude (𝛼) with 

insignificant error compare to the impulse response coefficients [1].  
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4.2 Step-Response Analysis 

                       𝑢(𝑡)  = {
𝛼  , 𝑡 ≥ 0
0  , 𝑡 < 0

                                                                                                        (4.4) 

Applying the step response (4.4) in (4.1) gives the output 

𝑦(𝑡) =  𝛼 ∑ 𝑔(𝑘)𝑡
𝑘=1 + 𝑣(𝑡)              

Estimates of 𝑔(𝑘) could be obtained as 

                         �̂�(𝑡) =  
𝑦(𝑡)−𝑦(𝑡−1)

𝛼
                                                                                                       (4.5) 

Whereas the error should be  
𝑣(𝑡)−𝑣(𝑡−1)

𝛼
 . 

Determining the impulse response coefficients using (4.5) would involve dealing with large 

errors.  

4.3 Sine Wave Response 

Linear time invariant (LTI) systems can be identified by the sinewave. Sinewave is represented 

as follows: 

                             𝑢(𝑡) =  𝛼sin𝜔𝑡,   𝑡 =  0,1,2 …                                                                             (4.6) 

𝐺(𝑗𝜔) with j the complex number is the transfer function in frequency domain, otherwise 

known as frequency transfer function. It is the Fourier transform of the impulse response 𝑔(𝑡).  

This frequency function is found by simply substituting 𝑗𝜔 for 𝑠 in the Laplace transfer function 

𝐺(𝑠)[2].  
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For sampled systems, instead of the Laplace, Fourier transform and the discrete Fourier 

transform (DFT) of 𝑔(𝑡) are used; that is 

                                  𝐺(𝑒𝑗𝑤) =  ∑ 𝑔(𝑡)𝑒−𝑗𝑤𝑡∞
𝑡=−∞                                                                             (4.6) 

The DFT is the discrete version of the Fourier transformation. 

4.4 Sine Wave Response Identification 

Let 𝐼𝑚(𝑧) denote the imaginary part of 𝑧. That is, if 𝑧 =  𝑎 +  𝑖𝑏, then  𝐼𝑚(𝑧) = 𝑏. 

In complex numbers, sin𝜔𝑡 = 𝑒𝑗𝜔𝑡,  and 𝐺(𝑒𝑗𝜔) is a complex number which could be written as 

|𝐺(𝑒𝑗𝜔)|𝑒𝑗𝜙, where |𝐺(. )| is the magnitude and  𝜙 = arg(𝐺(. )).  

With 𝑘 in ( −∞, ∞), the sinewave input (4.6) gives an output 

𝑦(𝑡) =  𝛼 ∑ 𝑔(𝑘)𝐼𝑚(𝑒𝑗𝜔(𝑡−𝑘))

∞

𝑘=−∞

 

=  𝛼𝐼𝑚 ∑ 𝑔(𝑘)(𝑒−𝑗𝜔(𝑘−𝑡))

∞

𝑘=−∞

 

=  𝛼𝐼𝑚 {𝑒𝑗𝜔𝑡 ∑ 𝑔(𝑘)𝑒−𝑗𝜔𝑘

∞

𝑘=−∞

} 

=  𝛼𝐼𝑚 {𝑒𝑗𝜔𝑡 ∑ 𝐺(𝑒𝑗𝜔)

∞

𝑘=−∞

} 

                                   =  𝛼|𝐺(𝑒𝑗𝜔)|sin(𝜔𝑡 + 𝜙)                                                                                (4.7) 
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The output is a sinewave of the same frequency as 𝑢(𝑡), but multiplied in magnitude by 

|𝐺(𝑒𝑗𝜔)| and shifted in phase by 𝜙. This result assumes that the input is an everlasting 

sinewave which is never true in practice. Therefore, whenever 𝑢(𝑡) = 0, 𝑡 < 0, an initial 

transient must be accepted in the response. This could be handled by neglecting the first part of 

the response [2]. 

4.5 Empirical Transfer Function Identification 

4.5.1 Sine Wave Testing  

The complex-valued function 𝐺(𝑒𝑗𝜔), −𝜋 ≤ 𝜔 ≤ 𝜋, is the frequency function of a discrete -

time LTI system. In this work, we directly identify frequency transfer function from data gotten 

from known systems. Sinewave testing and its process is one of the simplest methods of 

frequency function identification. The method of sinewave testing repeatedly uses a single 

frequency sinewave at a time and this makes it time-consuming. This shortcoming is overcome 

using multifrequency inputs – leading to discrete Fourier transforms of signals [2].  

4.5.2 Discrete Fourier Transform (DFT) of Signals 

The discrete Fourier transform is a transform like the Fourier transform but is used with 

digitized signals. It is the discrete version of the FT that views both the time domain and 

frequency domain as periodic. 

The DFT of the signal 𝑦(𝑡), sampled at 𝑡 =  1, 2, …  𝑁, is given by 

𝑌𝑁(𝜔) =  
1

√𝑁
∑ 𝑦(𝑡)𝑒−𝑗𝜔𝑡

𝑁

𝑡=1

                                                                                                                (4.8) 
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where 𝜔 = 𝜔𝑘 =
2𝜋𝑘

𝑁
,  𝑘 = 1,2, … , 𝑁. For specific 𝑘 , 

𝑁

𝑘
  is the period associated with the 

specific frequency 𝜔𝑘. 

In a similar way, the DFT of the randomly constructed input data 𝑢(𝑡) used in this work was 

made. The absolute square value of 𝑌(𝜔𝑘), |𝑌 (
2𝜋𝑘

𝑁
) |2 ,  is a measure of the energy 

contribution of this frequency to the energy of the signal. A plot of |𝑌(𝜔)|2 as function of 𝜔 is 

called the periodogram of the signal 𝑦(𝑡). 

4.5.3 Empirical Transfer Function Estimate 

The empirical transfer function is the equivalent of the Laplace transfer function substituting 𝑗𝜔 

for 𝑠.  

                             𝑌(𝑗𝜔) = 𝐺(𝑗𝜔)𝑈(𝜔)                                                                                              (4.9)         

This type of algebraic relationship is also applicable in sampled systems. For a given input 𝑢(𝑡) 

and an output signal 𝑦(𝑡), the following estimate of the transfer function is found: 

                             �̂�(𝑒𝑗𝜔) =
𝑌𝑁(𝜔)

𝑈𝑁(𝜔)
                                                                                                     (4.10) 

Equation (4.10) is the empirical transfer function estimate (ETFE). This expression holds for any 

frequency which can be detected; which is the case for this thesis work. 𝑈𝑁 and 𝑌𝑁 are 

respectively, series expansions of the input and the output signals in terms of sines and cosines. 

For each of the frequencies contained in 𝑢(𝑡) and 𝑦(𝑡), the relationship of (4.7) holds [2], 

which allows the reconstruction of both the magnitude and phase shift of the frequency 

function for 𝑁 number of frequencies [2].  The DFT of these data vectors after component-wise 



27 
 

division gives �̂�(𝑒𝑗𝜔) consisting of  𝑁 2⁄  data points , for 𝜔 =
2𝜋𝑘

𝑁
, 𝑘 = 0, 1, … , 𝑁 − 1, π 

(rad/s)  [1], [2]. It is assumed that 𝑈𝑁(𝜔) ≠ 0. When this does not hold for some frequencies, 

the ETFE is undefined at those frequencies [1].  

4.5.4 Properties of the ETFE 

I. It decays as 
1

√𝑁
 as in (4.8), 𝑁 is a multiple of the periods. 

II. The ETFE 𝐺(𝑒𝑗𝜔) is defined only for a fixed number of frequencies. 

III. At those frequencies in which ETFE is defined, 𝐺(𝑒𝑗𝜔) is unbiased and its variance 

decays like 
1

𝑁
 . 

4.5.5 Algorithm for Identification of Frequency Function from Input and Output Data. 

I. Generate random input signal 𝑢(𝑡), 𝑡 =  1,2, …  𝑁. 

II. Apply the input signal to the system, with a zero-order hold on the inputs. 

III. Record the input signal 𝑢(𝑡) and the corresponding output signal 𝑦(𝑡). 

IV. Take the DFT of input 𝑢(𝑡) and output 𝑦(𝑡), resulting in 𝑁𝑁(𝜔) and 𝑌𝑁(𝜔) respectively. 

V. Make a component-wise division of 𝑌𝑁(𝜔) by 𝑁𝑁(𝜔) for 𝜔 =
2𝜋𝑘

𝑁
, 𝑘 = 0, 1, … , 𝑁 − 1, π 

(rad/s). 

VI. Use elementary frequency response to get an estimate of the polynomial transfer 

function  𝐺(𝑧). 

VII. Directly start from step 3 if a disturbance is noticed on the input signal [2].  
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4.5.6 Fast Fourier Transform (FFT) 

The fast Fourier transform is an implementation of the DFT which produces the same results as 

the DFT, but in a much more efficient and faster way. It is said to be an algorithm used for fast 

and efficient computation of DFT. 

   4.6 The Z – Transform 

It is discussed in 4.1 (Fourier analysis) that 𝐺(𝑒𝑗𝜔) is the discrete Fourier transform (DFT) of the 

impulse response 𝑔(𝑡) . In other words, 𝐺(𝑒𝑗𝜔) is the transfer function of a sampled system 

evaluated at the point where 𝑧 = 𝑒𝑗𝜔.This number gives complete information about what 

happens under stationary condition; when the input is sinewave of frequency 𝜔. The z-

transform is basically the discrete time transfer function of 𝑔(𝑡) [2]. For sampled input-output 

data vector 𝑢(𝑡) and 𝑦(𝑡), the z-transform is defined as: 

𝑈(𝑧) ≔  ∑ 𝑢(𝑘)𝑧−𝑘∞
𝑘=0                                                                                                                      (4.11) 

and 

𝑌(𝑧) ≔  ∑ 𝑦(𝑘)𝑧−𝑘∞
𝑘=0                                                                                                                       (4.12) 

respectively. 

The z-transform is also the discrete counterpart of the Laplace transfer function. Consider the 

Laplace Transform 

L|𝑓(𝑥)| ≔ 𝐹(𝑠) ≔  ∫ 𝑓(𝑥)𝑒−𝑠𝑡∞

0
𝑑𝑡,                                                                                              (4.13) 



29 
 

whose convolution transformation gives the continuous 𝑠-domain function 

𝑌(𝑠) = 𝐺(𝑠)𝑈(𝑠)                                                                                                                               (4.14) 

In a similar way,  

𝑌(𝑧) = 𝐺(𝑧)𝑈(𝑧)                                                                                                                               (4.15) 

The transfer function of (4.14) in z-domain is  

𝐺(𝑧) =
𝑌(𝑧)

𝑈(𝑧)
                                                                                                                                           (4.16) 

𝑌(𝑧)

𝑈(𝑧)
≔

∑ 𝑏𝑘𝑧−𝑘𝑚
𝑘=0

∑ 𝑎𝑘𝑧−𝑘𝑛
𝑘=0

                                                                                                                                  (4.17) 

             For causal system: 𝑛 ≥ 𝑚;  𝑏0 = 0,   𝑎0 = 1. 

𝑌(𝑧)

𝑈(𝑧)
≔

∑ 𝑏𝑘𝑧−𝑘𝑚
𝑘=1

1+ ∑ 𝑎𝑘𝑧−𝑘𝑛
𝑘=1

   =  
𝑏1𝑧−1+⋯+𝑏𝑚𝑧−𝑚 

1+ 𝑎1𝑧−1+⋯+ 𝑎𝑛𝑧−𝑛                                                                                     (4.18) 
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Chapter 5: The Numerical Results 

5.1 Collection of Test Problems 

Rational functions of known systems are obtained from benchmark automatic control research 

papers. Because we are working on discrete-time, continuous-time transfer functions from 

these research papers are converted to their discrete-time equivalent using MATLAB®, with a 

sample time of 0.1 seconds. 

Each of the test problems is analyzed in four different ways: 

• With no additional random noise 

• With input noise 𝑤1 

• With output noise 𝑤2 

• With input and output noise 

                                                                                                                                                                                                                   

                                                                                                                                                                                                      

                                       𝑤1(𝑡)                                         𝑤2(𝑡)                                                                                                       

                                                                                                                                                                               

                         𝑢(𝑡)                                                           𝑦(𝑡) 

                                                                                                                                                   

          Figure 5.1 The ARX With Input and Out Noise                                                                                                                                                                

𝐴𝑅𝑋 

(a,b)        
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5.2 Test Function 1  

Recovering Wiener-Hammerstein Nonlinear State-Space Models Using Linear Algebra (P. 

Dreesen, M. Ishteva, and J. Schoukens, 2015)-System 1 [12].  

𝐺−𝑡𝑟𝑢𝑒(𝑧) =  
0.7071𝑧+4.2426

𝑧2+0.750𝑧+0.125
                                                                                                              (5.1) 

5.2.1 Test Function 1 With No Input & Output noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.701𝑧+4.2427

𝑧2+0.7508𝑧+0.1262
                                                                                                    (5.2) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.3417𝑧

𝑧2+0.672𝑧+0.142
                                                                                                           (5.3) 

Table 5.1: System_ID & Ratdisk Results of Test Function 1 With No Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.3396 + 0.1633i -0.4966 -0.5 

Eigenvalue 2 -0.3396 - 0.1633i -0.2542 -0.25 

Percentage fit to 
estimation 

20.74 100          __ 

MSE 17.63 1.3853e-04          __ 
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Figure 5.2 Ratdisk Simulated Output & Actual Output Compared – Test Function 1 With No 

Noise 

 

Figure 5.3 System_ID Simulated & Actual Output Compared – Test function 1 With No Noise. 
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5.2.2 Test function 1 With 8% Input Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.7013𝑧+4.2431

𝑧2+0.7508𝑧+0.1263
                                                                                                    (5.4) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.3449𝑧

𝑧2+0.6785𝑧+0.1414
                                                                                                       (5.5) 

Table 5.2: System_ID & Ratdisk Results of Test Function 1 With Input Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.3393 + 0.1622i -0.4965 -0.5 

Eigenvalue 2 -0.3393 - 0.1622i -0.2543 -0.25 

Percentage fit to 
estimation 

20.71 100          __ 

MSE 17.71 1.4029e-04          __ 

 

 

Figure 5.4 Ratdisk Output & Actual Output Compared – Test Function 1 With Input Noise 

Figure 5.5 System_ID Simulated Output & Actual Output Compared – Test Function 1 With 

Input Noise 
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5.2.3 Test function 1 With 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.6985𝑧+4.2411

𝑧2+0.7502𝑧+0.1259
                                                                                                     (5.6) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.3411𝑧

𝑧2+0.6784𝑧+0.1415
                                                                                                        (5.7) 

Table 5.3: System_ID & Ratdisk Results of Test Function 1 With Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.3392 + 0.1626i -0.4967 -0.5 

Eigenvalue 2 -0.3392 - 0.1626i -0.2535 -0.25 

Percentage fit to 
estimation 

20.7 100          __ 

MSE 17.64 1.7673e-04          __ 

 

Figure 5.6 Ratdisk Output & Actual Output Compared – Test Function 1 With Output Noise 

 

Figure 5.7 System_ID Simulated Output & Actual Output Compared – Test Function 1 With 

Output Noise 
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5.2.4 Test Function 1 With 8% Input Noise and 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.6980𝑧+4.2488

𝑧2+0.7497𝑧+0.1251
                                                                                                    (5.8) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.3524𝑧

𝑧2+0.6753𝑧+0.141
                                                                                                         (5.9) 

Table 5.4: System_ID & Ratdisk Results of Test Function 2 With Input and Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.3377 + 0.1643i -0.4991 -0.5 

Eigenvalue 2 -0.3377 - 0.1643i -0.2506 -0.25 

Percentage fit to 
estimation 

20.56 100          __ 

MSE 17.92 3.6393e-04          __ 

               

Figure Figure 5.8 Ratdisk Simulated & Actual Outputs Compared – Test Function 1 With Input 

and Output Noise 

Figure 5.9 System_ID Simulated Output & Actual Output Compared – Test Function 1 With 

Input and Output Noise       
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5.3 Test Function 2 

Recovering Wiener-Hammerstein Nonlinear State-Space Models Using Liner Algebra (P. 

Dreesen, M. Ishteva, and J. Schoukens, 2015)-System 2 [12]  

𝐺−𝑡𝑟𝑢𝑒(𝑧) =  
8.4853𝑧2+25.4558𝑧+16.9706

𝑧3−1.5𝑧2+𝑧−0.25
                                                                                           (5.10) 

5.3.1 Test Function 2 With No Input and Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
8.2861𝑧2+25.3759𝑧+16.7805

𝑧3−1.5027𝑧2+1.0034𝑧−0.2520
                                                                                  (5.11) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
7.952𝑧2+21.38𝑧

𝑧3−1.915𝑧2+1.587𝑧−0.5438
                                                                                         (5.12) 

Table 5.5: System_ID & Ratdisk Results of Test Function 2 With No Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.5717 + 0.6148i 0.4994 + 0.5007i 0.5000 + 0.5000i 

Eigenvalue 2 0.5717 - 0.6148i 0.4994 - 0.5007i 0.5000 + 0.5000i 

Eigenvalue 3 0.7716 + 0.0000i 0.5038 + 0.0000i 0.5000 + 0.0000i 

Percentage fit to 
estimation 

88.34 99.99          __ 

MSE 117.8 0.5110          __ 
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Figure 5.10 Ratdisk Simulated Output & Actual Output Compared – Test Function 2 With No 

Noise. 

 

Figure 5.11 System_ID Simulated & Actual Output Compared – Test Function 2 With No Noise  
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5.3.2 Test Function 2 With 8% Input Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
8.2506𝑧2+25.25𝑧+16.4721

𝑧3−1.5161𝑧2+1.0193𝑧−0.2579
                                                                                  (5.13) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
8.307𝑧2+21.59𝑧

𝑧3−1.912𝑧2+1.585𝑧−0.5444
                                                                                         (5.14) 

Table 5.6: System_ID & Ratdisk Results of Test Function 2 With Input Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.5698 + 0.6165i 0.5035 + 0.5032i 0.5000 + 0.5000i 

Eigenvalue 2 0.5698 - 0.6165i 0.5035 - 0.5032i 0.5000 + 0.5000i 

Eigenvalue 3 0.7725+ 0.0000i 0.5091 + 0.0000i 0.5000 + 0.0000i 

Percentage fit to 
estimation 

88.59 99.99          __ 

MSE 193.4 1.0904          __ 

 

              

 Figure 5.12 Ratdisk Output & Actual Output Compared – System 2 With Input Noise   

 

Figure 5.13 System_ID Simulated Output & Actual Output Compared – System 2 With Input 

Noise 

 

  



39 
 

5.3.3 Test Function 2 With 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
8.2816𝑧2+25.3855𝑧+16.7667

𝑧3−1.5028𝑧2+1.0036𝑧−0.2521
                                                                                  (5.15) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
7.956𝑧2+21.39𝑧

𝑧3−1.915𝑧2+1.586𝑧−0.5437
                                                                                         (5.16) 

Table 5.7: System_ID & Ratdisk Results of Test Function 2 With Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.5709 + 0.6142i 0.4994 + 0.5008i 0.5000 + 0.5000i 

Eigenvalue 2 0.5709 - 0.6142i 0.4994 - 0.5008i 0.5000 + 0.5000i 

Eigenvalue 3 0.7732+ 0.0000i 0.5039 + 0.0000i 0.5000 + 0.0000i 

Percentage fit to 
estimation 

88.33 99.99          __ 

MSE 117.8 0.5109          __ 

 

              
Figure 5.14 Ratdisk Output & Actual Output Compared – Test Function 2 With Output Noise 

Figure 5.15 System_ID Simulated Output & Actual Output Compared – Test Function 2 With 

Output Noise 

 

 



40 
 

5.3.4 Test Function 2 With 8% Input Noise and 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
8.2855𝑧2+25.3565𝑧+16.7373

𝑧3−1.5038𝑧2+1.0052𝑧−0.2528
                                                                                  (5.17) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
7.94𝑧2+21.39𝑧

𝑧3−1.915𝑧2+1.587𝑧−0.5437
                                                                                         (5.18) 

Table 5.8: System_ID & Ratdisk Results of Test Function 2 With Input and Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.5718 + 0.6147i 0.4996 + 0.5014i 0.5000 + 0.5000i 

Eigenvalue 2 0.5718 - 0.6147i 0.4996 - 0.50148i 0.5000 + 0.5000i 

Eigenvalue 3 0.7714+ 0.0000i 0.5046 + 0.0000i 0.5000 + 0.0000i 

Percentage fit to 
estimation 

88.32 99.99          __ 

MSE 118.32 0.5204          __ 

 

            

Figure 5.16 Ratdisk Output & Actual Output Compared – Test Function 2 With Input & Output 

Noise 

 

Figure 5.17 System_ID Simulated Output & Actual Output Compared – Test Function 2 With 

Input & Output Noise. 
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5.4 Test Function 3 

Version 7.0 of the CONTSID Toolbox (A. Padilla, H. Garnier, and M. Gilson, 2015)-System 1 [5] 

𝐺−𝑡𝑟𝑢𝑒(𝑧) =  
−0.7757𝑧3−1.367𝑧2+1.624𝑧+0.6028

𝑧4−1.198𝑧3+0.3238𝑧2−0.6383𝑧−0.6015
                                                                           (5.19) 

5.4.1 Test Function 3 With No Input & output noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7708𝑧3−1.3649𝑧2+1.6257𝑧+0.6071

𝑧4−1.1969𝑧3+0.3223𝑧2−0.6377𝑧+0.5992
                                                                   (5.20) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7487𝑧3−1.405𝑧2+1.436𝑧

𝑧4−1.171𝑧3+0.5154𝑧2−0.7093𝑧+0.5519
                                                                        (5.21) 

Table 5.9: System_ID & Ratdisk Results of Test Function 3 With No Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2817+0.7716i -0.3336 + 0.7439i -0.3338 + 0.7444i 

Eigenvalue 2 -0.2817-0.7716i -0.3336 - 0.7439i -0.3338 - 0.7444i 

Eigenvalue 3 0.8672 + 0.2568i 0.9321 + 0.1806i 0.9328 + 0.1834i 

Eigenvalue 4 0.8672 - 0.2568i 0.9321 - 0.1806i 0.9328 - 0.1834i 

Percentage fit to 
estimation 

86.91 99.96          __ 

MSE 0.1229 0.0028          __ 
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Figure 5.18 Ratdisk Simulated Output & Actual Output Compared – Test Function 3 With No 

Noise 

Figure 5.19 System_ID Simulated & Actual Output Compared – Test Function 3 With No Noise    
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5.4.2 Test Function 3 With 8% Input Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7707𝑧3−1.3645𝑧2+1.6271𝑧+0.6071

𝑧4−1.1974𝑧3+0.3226𝑧2−0.6381𝑧+0.5995
                                                                   (5.22) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.749𝑧3−1.404𝑧2+1.439𝑧

𝑧4−1.173𝑧3+0.5169𝑧2−0.7105𝑧+0.5525
                                                                        (5.23) 

Table 5.10: System_ID & Ratdisk Results of Test Function 3 With Input Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2813+0.7718i -0.3336 + 0.7440i -0.3338 + 0.7444i 

Eigenvalue 2 -0.2813-0.7718i -0.3336 - 0.7440i -0.3338 - 0.7444i 

Eigenvalue 3 0.8678 + 0.2562i 0.9323 + 0.1805i 0.9328 + 0.1834i 

Eigenvalue 4 0.8678 - 0.2562i 0.9323 - 0.1805i 0.9328 - 0.1834i 

Percentage fit to 
estimation 

86.97 99.96          __ 

MSE 0.1242 0.0030          __ 

 

             

Figure 5.20 Ratdisk Output & Actual Output Compared – System 3 With Input Noise    

 

Figure 5.21 System_ID Simulated Output & Actual Output Compared – System 3 With Input 

Noise 
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5.4.3 Test Function 3 With 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7777𝑧3−1.3649𝑧2+1.6179𝑧+0.6199

𝑧4−1.1935𝑧3+0.3174𝑧2−0.6373𝑧+0.5997
                                                                   (5.24) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7501𝑧3−1.413𝑧2+1.395𝑧

𝑧4−1.154𝑧3+0.507𝑧2−0.707𝑧+0.5435
                                                                            (5.25) 

Table 5.11: System_ID & Ratdisk Results of Test Function 3 With Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2829+0.7719i -0.3351 + 0.7440i -0.3338 + 0.7444i 

Eigenvalue 2 -0.2829-0.7719i -0.3351 - 0.7440i -0.3338 - 0.7444i 

Eigenvalue 3 0.8599 + 0.2545i 0.9319 + 0.1798i 0.9328 + 0.1834i 

Eigenvalue 4 0.8678 - 0.2545i 0.9319 - 0.1798i 0.9328 - 0.1834i 

Percentage fit to 
estimation 

85.77 99.95          __ 

MSE 0.1451 0.0037          __ 

 

          

Figure 5.22 Ratdisk Output & Actual Output Compared – System 3 With Output No Noise 

 

 

Figure 5.23 System_ID Simulated Output & Actual Output Compared – System 3 With Output 

Noise 
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5.4.4 Test Function 3 With 8% Input Noise and 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7747𝑧3−1.3585𝑧2+1.6184𝑧+0.6059

𝑧4−1.1977𝑧3+0.3249𝑧2−0.6410𝑧+0.6011
                                                                   (5.26) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7462𝑧3−1.42𝑧2+1.398𝑧

𝑧4−1.153𝑧3+0.5061𝑧2−0.7054𝑧+0.5432
                                                                        (5.27) 

Table 5.12: System_ID & Ratdisk Results of Test Function 3 With Input & output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2831+0.7714i -0.3335 + 0.7451i -0.3338 + 0.7444i 

Eigenvalue 2 -0.2831-0.7714i -0.3335 - 0.7451i -0.3338 - 0.7444i 

Eigenvalue 3 0.8596+ 0.2559i 0.9323 + 0.1813i 0.9328 + 0.1834i 

Eigenvalue 4 0.8596 - 0.2559i 0.9319 - 0.1813i 0.9328 - 0.1834i 

Percentage fit to 
estimation 

85.87 99.98          __ 

MSE 0.1438 0.0015          __ 

 

          
Figure 5.24 Ratdisk Output & Actual Output Compared – System 3 With Input & Output Noise 

 

Figure 5.25 System_ID Simulated Output & Actual Output Compared – System 3 With Input & 

Output Noise 

 

  



46 
 

5.5 Test Function 4 

Version 7.0 of the CONTSID Toolbox (A. Padilla, H. Garnier, and M. Gilson, 2015)-System 2 [5] 

𝐺−𝑡𝑟𝑢𝑒(𝑧) =  
−0.7526𝑧3−1.329𝑧2+1.58𝑧+0.5876

𝑧4−1.194𝑧3+0.3258𝑧2−0.6458𝑧−0.6059
                                                                           (5.28) 

5.5.1 Test Function 4 With No Input & Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7478𝑧3−1.3271𝑧2+1.5811𝑧+0.5914

𝑧4−1.1927𝑧3+0.3244𝑧2−0.6453𝑧+0.6034
                                                                   (5.29) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7267𝑧3−1.368𝑧2+1.395𝑧

𝑧4−1.166𝑧3+0.5155𝑧2−0.7151𝑧+0.5565
                                                                        (5.30) 

Table 5.13: System_ID & Ratdisk Results of Test Function 4 With No Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2835+0.7745i -0.3346 + 0.7471i -0.3349 + 0.7476i 

Eigenvalue 2 -0.2835-0.7745i -0.3346 - 0.7471i -0.3349 - 0.7476i 

Eigenvalue 3 0.8665 + 0.2591i 0.9310 + 0.1834i 0.9319+ 0.1861i 

Eigenvalue 4 0.8665 - 0.2591i 0.9310 - 0.1834i 0.9319 - 0.1861i 

Percentage fit to 
estimation 

86.82 99.96          __ 

MSE 0.1185 0.0025          __ 
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Figure 5.26 Ratdisk Simulated Output & Actual Output Compared – Test Function 4 With No 

Noise 

  

Figure 5.27 System_ID Simulated & Actual Output Compared – Test Function 4 With No Noise 
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5.5.2 Test Function 4 With 8% Input Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.74758𝑧3−1.3271𝑧2+1.5818𝑧+0.5911

𝑧4−1.1927𝑧3+0.3244𝑧2−0.6455𝑧+0.6032
                                                                   (5.31) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7278𝑧3−1.366𝑧2+1.397𝑧

𝑧4−1.168𝑧3+0.5157𝑧2−0.7158𝑧+0.5573
                                                                        (5.32) 

Table 5.14: System_ID & Ratdisk Results of Test Function 4 With Input Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2835+0.7745i -0.3346 + 0.7472i -0.3349 + 0.7476i 

Eigenvalue 2 -0.2835-0.7745i -0.3346 - 0.7472i -0.3349 - 0.7476i 

Eigenvalue 3 0.8665 + 0.2591i 0.9309 + 0.1829i 0.9319+ 0.1861i 

Eigenvalue 4 0.8665 - 0.2591i 0.9309 - 0.1829i 0.9319 - 0.1861i 

Percentage fit to 
estimation 

86.87 99.95          __ 

MSE 0.1195 0.0033          __ 

 

           

Figure 5.28 Ratdisk Simulated output & Actual Output Compared – Test Function 4 With Input 

Noise  

Figure 5.29 System_ID Simulated & Actual Output Compared – Test Function 4 With Input Noise  
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5.5.3 Test Function 4 With 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7516𝑧3−1.3198𝑧2+1.5828𝑧+0.5966

𝑧4−1.1925𝑧3+0.3251𝑧2−0.6472𝑧+0.6042
                                                                   (5.33) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7318𝑧3−1.378𝑧2+1.358𝑧

𝑧4−1.149𝑧3+0.5076𝑧2−0.7111𝑧+0.546
                                                                          (5.34) 

Table 5.15: System_ID & Ratdisk Results of Test Function 4 With Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2840+0.7741i -0.3347 + 0.7478i -0.3349 + 0.7476i 

Eigenvalue 2 -0.2840-0.7741i -0.3347 - 0.7478i -0.3349 - 0.7476i 

Eigenvalue 3 0.8585 + 0.2570i 0.9309 + 0.1830i 0.9319+ 0.1861i 

Eigenvalue 4 0.8585 - 0.2570i 0.9309 - 0.1830i 0.9319 - 0.1861i 

Percentage fit to 
estimation 

85.6 99.96          __ 

MSE 0.1412 0.0031          __ 

 

               

Figure 5.30 Ratdisk Simulated output & Actual Output Compared – Test Function 4 With Output 

Noise. 

  

Figure 5.31 System_ID Simulated & Actual Output Compared – Test Function 4 With Output 

Noise.  
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5.5.4 Test Function 4 With 8% Input and 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
−0.7494𝑧3−1.3286𝑧2+1.5714𝑧+0.6065

𝑧4−1.1892𝑧3+0.3203𝑧2−0.6447𝑧+0.6034
                                                                   (5.35) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
−0.7284𝑧3−1.383𝑧2+1.365𝑧

𝑧4−1.15𝑧3+0.506𝑧2−0.7117𝑧+0.5477
                                                                           (5.36) 

Table 5.16: System_ID & Ratdisk Results of Test Function 4 With Input & output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 -0.2840+0.7741i -0.3359 + 0.7472i -0.3349 + 0.7476i 

Eigenvalue 2 -0.2840-0.7741i -0.3359 - 0.7472i -0.3349 - 0.7476i 

Eigenvalue 3 0.8585 + 0.2570i 0.9304 + 0.1831i 0.9319+ 0.1861i 

Eigenvalue 4 0.8585 - 0.2570i 0.9304 - 0.1831i 0.9319 - 0.1861i 

Percentage fit to 
estimation 

85.74 99.95          __ 

MSE 0.1419 0.0033          __ 

 

             

Figure 5.32 Ratdisk Simulated Output & Actual Output Compared – Test Function 4 With Input 

& Output Noise. 

Figure 5.33 System_ID Simulated & Actual Output Compared – Test Function 4 with Input & 

Output Noise.  
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5.6 Test Function 5 

Identification of block-oriented systems with rate saturation nonlinearity (A.Y.K. Yong, A.H. Tan, 

and C.L. Cham, 2015)-System 1 [13] 

𝐺−𝑡𝑟𝑢𝑒(𝑧) =  
𝑧+0.5

𝑧2−1.5𝑧+0.7
                                                                                                                   (5.37) 

5.6.1 Test Function 5 With No Input and Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.995𝑧+0.5005

𝑧2−1.4975𝑧+0.6978
                                                                                                  (5.38) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.9533𝑧

𝑧2−1.63𝑧+0.832
                                                                                                          (5.39) 

Table 5.17: System_ID & Ratdisk Results of Test Function 5 With No Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.8150 + 0.4096i 0.7488+0.3703i 0.7500+0.3708i 

Eigenvalue 2 0.8150 - 0.4096i 0.7588-0.3703i 0.7500-0.3708i 

Percentage fit to 
estimation 

88.8 99.99          __ 

MSE 0.1789 0.0013          __ 

 

Figure 5.34 Ratdisk Simulated Output & Actual Output Compared – Test Function 5 With No 

Noise
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Figure 5.35 Ratdisk Simulated Output & Actual Output Compared – Test Function 5 With No 

Input & Output Noise. 

 

5.6.2 Test Function 5 With 8% Input Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.995𝑧+0.5005

𝑧2−1.4975𝑧+0.6978
                                                                                             (5.40) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.9531𝑧

𝑧2−1.63𝑧+0.8323
                                                                                                    (5.41) 

Table 5.18: System_ID & Ratdisk Results of Test Function 5 With Input Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.8150 + 0.4100i 0.7487+0.3702i 0.7500+0.3708i 

Eigenvalue 2 0.8150 - 0.4100i 0.7487-0.3702i 0.7500-0.3708i 

Percentage fit to 
estimation 

88.78 99.99          __ 

MSE 0.1801 0.0015          __ 

 

                  

Figure 5.36 Ratdisk Simulated Output & Actual Output Compared – Test Function 5 With Input 

Noise 

  

Figure 5.37 System_ID Simulated & Actual Output Compared – Test Function 5 With Input Noise 
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5.6.3 Test Function 5 With 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.9938𝑧+0.4986

𝑧2−1.4980𝑧+0.6981
                                                                                                   (5.42) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.9494𝑧

𝑧2−1.626𝑧+0.8282
                                                                                                        (5.43) 

Table 5.19: System_ID & Ratdisk Results of Test Function 5 With Output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.8130 + 0.4089i 0.7490+0.3703i 0.7500+0.3708i 

Eigenvalue 2 0.8130 - 0.4089i 0.7490-0.3703i 0.7500-0.3708i 

Percentage fit to 
estimation 

88.87 99.99          __ 

MSE 0.2101 0.0016          __ 

 

           

Figure 5.38 Ratdisk Simulated Output & Actual Output Compared – Test Function 5 With Output 

Noise 

 

Figure 5.39 System_ID Simulated & Actual Output Compared – Test Function 5 With Output 

Noise  
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5.6.4 Test Function 5 With 8% Input and 8% Output Noise: 

𝐺−𝑟𝑎𝑡𝑑𝑖𝑠𝑘(𝑧) =  
0.9994𝑧+0.5019

𝑧2−1.4972𝑧+0.6976
                                                                                                  (5.44) 

𝐺−𝑆𝑦𝑠𝐼𝐷(𝑧) =  
0.9549𝑧

𝑧2−1.626𝑧+0.8286
                                                                                                       (5.45) 

Table 5.20: System_ID & Ratdisk Results of Test Function 5 With Input & output Noise 

 System ID tool  Ratdisk Method True System 

Eigenvalue 1 0.8130 + 0.4094i 0.7490+0.3703i 0.7500+0.3708i 

Eigenvalue 2 0.8130 - 0.4094i 0.7490-0.3703i 0.7500-0.3708i 

Percentage fit to 
estimation 

87.96 100          __ 

MSE 0.2067 7.2046e-04          __ 

 

           

Figure 5.40 Ratdisk Simulated Output & Actual Output Compared – Test Function 5 With Input 

& Output Noise 

Figure 5.41 System_ID Simulated & Actual Output Compared – Test Function 5 With Input & 

Output Noise 
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Chapter 6: Conclusion & Future Work 

This thesis research presents a technique for identification of system models via Empirical 

Transfer Function Estimates (ETFE). The analyses of the numerical results in chapter five shows 

that this technique gives better model estimation in all of our test functions than the MATLAB® 

system identification toolbox. It is seen from the tables of results that the percentage fit to 

estimation is over 99.5% for each of the functions tested using this technique whereas the 

corresponding percentage fit using system identification toolbox is below 88%. A comparison of 

the mean square errors (MSE) for each of the two techniques also shows that the errors 

associated with the system identification toolbox method is bigger than errors about the ratdisk 

method.   The eigenvalues estimation via this proposed system identification technique is very 

close and almost the same in value as the true system’s poles in each of the test functions in 

chapter five.  

Analysis of model estimation from higher order non-minimum phase functions using this 

technique shows that it produced bad results. A further research that would focus on estimation 

of non-minimum phase systems of higher order is recommendable.  

MATLAB® version 9.6.0.1072779 (R2019a) was used for the programming and analysis, and the 

programs executed on an Intel® Core ™ i7 CPU at 1.80Hz, 4 Core(s) laptop computer with 16.0 

GB of memory.  
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                                                                   Appendix  

Appendix A  

Main Program Code 
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Appendix B 

Ratdisk Code 
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Appendix C 

ARX Simulation 
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Appendix D 

Switching Probability Code 
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Appendix E 

Continuous to Discrete-Time Conversion 

 

 

 

 

 

 

 


